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1 Basicdescription of the problem

This codecanbe usedto solwe elliptic, secondorderpartial differentialequationgPDE) on adomainQ C
R? with boundaryl’ = I";UT',. For givenfunctionsa, b, f, gD andgN anapproximatesolution of the
boundaryalueproblem(BVP)

div(a gradu) —bu = f in Q
u = gD on I} 1)
a%t = gN on I

is computed On atriangularizatiorof the domain{2 a pieceavise linearapproximatiorof the exactsolution
is used.Themathematicabackgroundccanbefoundin mary books,e.g.[ I [ ] and[ ]
Theimplementatioris basedon a setof lecturenotesby this author(see[ 1.

Thegoalis to provide a setof Octave commanddo solve theabove problem.Thecommandsrelisted
in table1. For teachingpurposes full setof commandgo computeelementstiffnessmatrices,construct
the systemof linearequationsandexaminethe solutionis given. A setof sampleproblemss includedand
mighthelpto illustratethe commandsMore examplesaregivenin [ ).

This codewasdevelopedandtestedon a variety UNIX systems Dynamicallylinked Octave functions
areusedto obtainshortercomputatiortimes. This authoris notawareon ary systemdependenteatures.

Similar codewasimplementedn Mathematicaandcanbe obtainedthroughthe authorshomepage or
atthe Wolfram mathsourceite’. TheruntimeperformanceainderMathematicas ratherpoot

2 FEM commands

A list of all commandss givenin tablel. Thefollowing sectiongive a shortdescriptionof eachcommand.

http://www.hta-bi.bfh.ch/"sha
2http://www.mathsource.com



Creating readingandvisualizingamesh

ReadMesh() readingmeshinformationfrom EasyMesHiles
ReadMeshTriang le () readingmeshinformationfrom trianglefiles
CreateRectMesh () createarectangulamesh

CreateEasyMesh () createa meshby calling EasyMesh
CreateMeshTria ngle () createameshby calling triangle

ShowMesh() visualizethemesh.

Creatingandsolvingthe systemof linearequationsgvaluatefunctions

FEMEquation() setupthe systemof linearequations
FEMSolveSym() solwve the systemof linearequationshbandedsymmetricsolver
FEMEig() find eigervaluesandeigenfunctions

FEMValue() evaluatethe solutionandits gradientat given points
FEMGradient() evaluatethe gradientat the nodesof themesh
FEMiIntegrate() integratea functionoverthedomain
Visualizationof the solution

ShowSolution() visualizethe solutionwith the help of Gnuplot
ShowLevelCurve s() shaw thelevel curvesof afunction
ShowVectorFiel  d() visualizethe gradientof the solutionasvectorfield
ShowSolutionMT V() createaninputfile for plotmtv

Functionsfor educatiompurposes

ReadMeshM() readingmeshinformationfrom EasyMeslffiles
ReadMeshTriang le M() readingmeshinformationfrom trianglefiles
ElementContrib  ut io n() find elementstiffnessmatrix andthe elementvector
ElementContrib  ut io nEdge () | find contritution of oneedge

FEMEquationM() setupthe systemof linearequations

FEMSolve() solve the systemof linearequationsfull matrix
FEMValueM() evaluatethe solutionandits gradientat givenpoints
ShowSolutionM( ) visualizethe solution

Operationgor symmetric bandednatrices

SBSolve() solve a systemof linearequations

SBFactor() find the RT D R factorization

SBBacksub() useback-substitutioro solve systemof equations
SBEig() find afew of thesmallesteigervaluesandeigervectors
SBProd() multiply symmetricbandedmatrix with full matrix
FullToBand() corvertasymmetricmatrix to abandedmnatrix
BandToFull() convertabandedmatrix to a symmetricmatrix
BandToSparse() convertabandedmatrix to a sparsematrix

Tablel: List of commands




2.1 Readingthe meshinformation and generatingmeshes

Currently the meshmay be generatedy EasyMesA. Using oneinput file (e.g. test.d ) threeoutput
files are generatedby EasyMeshwith informationon nodes(test.n ), elementgtest.e ) andedges
(test.s ).

Another option is to usethe code triangle written by JonatharRichard Shavchuk'. The sourceis
includedthe distribution of FEMoctare. Sincetriangle doesnot numberits nodesto minimize the band-
width of the matrix the additionalutility CuthillMcKee is provided. Sampleapplicationsare shavn in
demosb, 8 and10 andits Makefile . Somemoredocumentatiorranbe found on this authorshomepage
at[ ].

2.1.1 ReadMesh

If the meshis generatedy EasyMeshthenthefiles arereadby the commandReadMesh() to make the
informationavailableto Octare, i.e. readthevariablesnodes , elem undedges by calling
[nodes,elem,edg es]= ReadMesh("t est" )

Thedirectoryof thefiles canbe be given aspartof the filename.Thetype of boundaryconditionshave to
be givenin thesemeshdescriptions.Dirichlet conditionsare of type 1 andNeumannconditionsof type 2.
Theon-linehelpon ReadMesh() givessomemoreinformation.

[...] = ReadMesh (...)
reads the information of EasyMesh output into Octave data structures

[nodes,elem,edg es]= ReadMesh( fi le name);
the files filename.n filename.e filename.s are read
these files have to be generated first by ‘EasyMesh filename’

EasyMesh reads filename.d for the description of the domain
The boundary markers in filename.d lead to the following boundary conditions
1 leads to a Dirichlet condition

2 leads to a Neumann condition
the matrices nodes elem edges describe the mesh

nodes contains the x and y coordinates of the nodes and the material
type at each node, ie. nodes =[x1,yl,ml;x2,y 2, m2. .. ;xn,yn, mn

elem contains the information about the elements
One row shows the numbers of the three nodes forming the element and
then the material type of the element

edges contains the information about the boundary segments
One row shows the numbers of the two nodes forming the segment and
then the boundary markers is shown (1=Dirichlet, 2=Neumann)
Currently material information ignored

2.1.2 ReadMeshTriang le

If the meshis generatedy triangle thenthefiles arereadby the commandReadMeshTriang le () to
malke theinformationavailableto Octase, i.e. readthe correspondingariableswith the help of
[nodes,elem,edg es]= ReadMeshTri angl e(" te st .1 ")
OneshoulddefinitelyuseCuthillMcKee to renumbethe nodes see./demos/demo5

3http:/iwww-dinma.univ.trieste. it/ nirftc/ resear ch/eas ymesh/
“Informationcanbe foundat http://www.cs.cmu.edu/"quake/triangle.htm I



2.1.3 CreateRectMesh

With thecommandCreateRectMesh () arectangulameshcanbegeneratedwithoutthehelpof EasyMesh
or triangle

[...] = CreateRectMesh( ... )
generate a rectangular mesh

[nodes,elem,edg es] = CreateRectMesh(x .,y ,blo w,bup,ble ft ,brig ht)
nodes elem edges contain the information on the mesh

X Yy vectors containing the coordinates of the nodes
a typical vertex is  (x()), y()

blow,bup,bleft, brig ht indicate the type of boundary condition
at lower, upper, right and left edge of rectangle
b*=1  Dirichlet condition
b*=2  Neumann condition

An exampleis shavn in demo3.

2.1.4 CreateEasyMesh

If the domainto be mesheds encloseduy a simplecurwe, thenthe commandCreateEasyMesh canbe
used. The nodesforming the curve andthe type of boundaryconditions,togetherwith the typical length
of the sidesof the trianglesandthe filename,are given asinput parameters.The commandgeneratesn
inputfile for EasyMeshandthencalls EasyMeshthus EasyMesmeedgo beinstalledfor thisto work. An
exampleis shavn in demos8 and11.

[...] = CreateEasyMesh( ... )
generate a mesh using EasyMesh

CreateEasyMesh( namex vy, len )
name the base filename: the file name.d will be generated
then EasyMesh will generate files name.* with the mesh

Xy vector  containing the coordinates of the nodes forming the
outer boundary. Currently no holes can be generated. The format is

[x1,y1,t1;x2,y2 t 2. .. ;xn yntn ] where
xi x-coordinate of node i
yi x-coordinate of node i

ti  boundary marker for segment from node i to node i+1

bi=1  Dirichlet condition

bi=2  Neumann condition
the last given node will be connected to the first given node
to create a closed curve

len vector with the typical length  of triangle side at a point
if len is a scalar the same length will be used for all points
The information can then be read and used by

[nodes,elem,edg es]= ReadMesh("n ame") ;



2.1.5 CreateMeshTria ngle

If thedomainto bemesheds enclosedy asimplecurve,thenthecommandCreateMeshTrian gle can
beused.Thenodesforming the curve andthe type of boundaryconditions togethemith the maximalarea
of the trianglesandthe filename,aregiven asinput parametersThe commandgeneratesn input file for
triangleandthencallstriangle thustriangleneeddo beinstalledfor thisto work. In additionCuthillMcKee
is calledto assurea bandstructureof theresultingmatrix. Examplesareshavn in demoss, 7, 8,9 and11.

[...] = CreateMeshTrian gle (. .. )
generate a mesh using triangle

[...] = CreateMeshTrian gle (. .. )
generate a mesh using triangle
CreateMeshTriang le (n ane,x y, ar ea)
name the base filename: the file  name.poly will be generated
then triangle will  generate files name.l.* with the mesh

Xy vector  containing the coordinates of the nodes forming the
outer boundary. Currently no holes can be generated. The format is

[x1,y1,t1;x2,y 2,t2; .. .; xn,y nt n] where
Xi x-coordinate of node i
yi x-coordinate of node i

ti  boundary marker for segment from node i to node i+1

bi=1  Dirichlet condition

bi=2  Neumann condition
the last given node will be connected to the first given node
to create a closed curve

area a scalar given the maximal area of the triangles to be generated

The information can then be read and used by
[nodes,elem,ed ges] =ReadMeshTrian gl e("name.1 ") ;

Thissimplescriptfile only coversratherelementarsituations.triangleallows for mary moreoptionsto
bespecifiedandits webpageshav how to usethem.To generatggoodmeshesve clearlyrecommendo use
triangledirectly. An exampleof thisis shav in demo8 wherewe computethe capacitancef a conductor

2.1.6 ShowMesh

For a visual control of the meshuseShowMesh() . With ShowMesh(nodes,e le m) atemporaryfile
will bewritten to thedisk andthen Gnuplotis calledto shav the mesh.

2.2 Settingup and solving the systemof linear equations

In thissectionwetry to give abrief explanationof thecommandisedto corverttheboundaryalueproblem
in equation(1) into a systemof linearequations.

2.2.1 Writing the function files

Theexamplesin ./demos/*  shaw differenttechniquedo implementthefunctions.

To solve the boundaryalueproblem(1) the functionsa, b, f, gD andgN have to be given. They can
be given by one constantor by a vectorof valuesat the nodesof the mesh. One canalsoimplementthe
functionsin scriptfiles, asfunctionfiles (‘**.m") or asdynamicallylinked functions(**.oct’). The function



accepta matrix with  andy coordinatef pointsasargumentsandreturna vectorwith the valuesof the
function asresult. As an exampleconsideranimplementatiorof the functiona(z,y) = 1 + z. Calling
a([1,2;3,4;5,-6 ]) shouldreturntheanswer2;4;6] . Thecodebelow hasto bein afile a.m .

function res = a(xy)
[n,m]=size(xy);
res=zeros(n,l);
for k=1:n
res(k)=1+xy(k,1 );
endfor
endfunction

A vectorized(faster)implementatiorof the samefunctionis givenby

function res = aVector(xy)
res=1 + xy(.,1),
endfunction

If theapplicationshasto runasfastaspossiblethenanimplementatiorasadynamicallylinkedfunction
shouldbe consideredOn goodoperatingsystemgshe commandmkoctfile -s a.cc will createafile
a.oct usingtheinputbelon. The speedmprovementcanbe considerableBelow find thefile a.cc

#include  <iostream.h>
#include  <math.h>

#include  <octave/oct.h>
#include  <octave/parse. h>

DEFUN _DLD(a, args, , "[...] =a (..) bla "
{

octave_value_li st retval,

int nargin = args.length 0;

if (nargin =1 ) {
print_usage ("a");
return  retval;
}
octave_value X_arg = args(0);
int nr= X arg.rows();
Matrix ~ xy=X_arg.matri  x_val ue() ;
ColumnVector result  (nr);

for(int i= 0; i < nr, i++) { result(i) =1.0 + xy(i,0); }
retval(0)=resul t;
return  retval;

Oftenis is convenientto createonesourcefile for multiple functionsandthenuselinks to generatether
*.oct files. Thiscansave a considerabl@mountof disk space An exampleis shavn in demo4.

2.2.2 FEMEquation

Onceall functionsandthe meshinformationare setup, thenthe systemof linear equationscanbe setup
upby[A,b,n2d]=FEMEq uati on( nodes, el em,edges, 'a’; b, f [ gD, gN) ; tosole
theboundaryalueproblemin equation(1).



e The functionsa, b andf canbe given asstring with the function—nameasarray of valuesat the
nodesor asonescalarvalueto beusedon all nodesj.e. constantoeficients.

e The boundaryfunctionsgD andgN canbe given asstring with the function—nameor asa constant
scalarvalue.

Thecommandwill createarepresentationf the symmetricmatrixin A andthe RHSin thevectorb. The

vectorn2d shaws the essentiaboundaryconditionsand numbersthe actualdegreesof freedomof the

system.Almost FEM problemssolvedwith this packagewill requireacall of FEMEquation()
Theon-linehelpon FEMEquation() givesmoreinformation,asshavn below.

[...] = FEMEquation (...)

sets up the system of linear equations for a numerical solution of a PDE

[A,b,n2d]=FEMEg uati on(no des, el emed ges, 'a’, 'b* ,” f ,” gD, gN)
[Ab,n2d]=FEMEq uati on(no des, el emed ges, aVec,bV ec,f Vec, 'gD’, 'g N')
nodes elem edges describe the mesh
see ReadMesh() for the description of the format
a’,’b’,'f,'g D', gN' are the names of the functions and coefficients
in the boundary value problem given below
the functions a, b and f may be given as constant scalar value
or as vector with the values of the function at the nodes
the functions gb and gN may be given as constant scalar value

div(a*grad u - b*u =f in domain
u=gb on Dirichlet section of the boundary
a*du/dn = gN on Neumann section of the boundary

A is the matrix of the system to be solved.
It is stored in a symmetric, banded form (see SBSolve() )
b is the RHS of the system to be solved.
n2d is the renumbering of the nodes to the DOF of the system
n2d(k)=0 indicates that node k is a Dirichlet node
n2d(k)=nn indicates that the value of the solution at node k
is given by u(nn)

Thecontrikutionsof eachelementandedgearecomputednternally by this function. Thefunctionfiles
ElementContribu  ti on andElementContribu  ti onEdge arenotused.
2.2.3 FEMSolveSym

Oncethe equationsareknown they canbe solve by u=FEMSolveSym(n odes, A, b, n2d, 'gD’) .The
vectoru will containthevaluesof thefunctionatthenodes.The on-line helpshavs moreinformation.

[...] = FEMESolveSym (...)

solves the system of linear equations for a numerical solution of a PDE

u=FEMSolveSym(n odes,A ,b ,n2 d, gDFunc)

nodes contains information about the mesh
see ReadMesh() for the description of the format
A is the matrix of the system to be solved.
It is stored in a symmetricc banded form (see SBSolve() )



b is the RHSof the system to be solved.
n2d is the renumbering of the nodes to the DOF of the system
n2d(k)=0 indicates that node k is a Dirichlet node
n2d(k)=nn indicates that the value of the solution at node Kk
is given by u(nn)
‘gD’ is the function describing the Dirichlet boundary condition
it may also be given as a scalar value

u is the vector with the values of the solution

The sourceof FEMSolveSym is very simple. First the systemof equationsis solved by calling
SBSolve() , thenthe solutionis supplementedvith the valueson the Dirichlet boundaryfor the final
solutionvectoru.

function u=FEMSolveSym( nodes,g Ma, gVec, n2d, gDFunc)
if  (nargin!=5)

help("FEMSolveS ym") ; usage("FEMSolveS ym(n odes, A, b, n2d, gDFunc) ") ;
endif

ug=-SBSolve(gMa t, gVec);
n=length(n2d);
u=zeros(n,l);

for k=1:n
if  n2d(k)>0
u(k) = ug(n2d(k));
else
if is_scalar(gDFu nc) u(k) = gDFunc;
else u(k) = feval(gDFunc,nod es(k,1:2));
endif % scalar
endif
endfor
endfunction

If the matrix A is not givenin bandedsymmetricform, thenthe command=EMSolve() canbeused
instead.If possibleFEMSolveSym() shouldbe used asit is considerablyfaster

2.2.4 FEMEig

To determinecigevalues) andeigenfunctions: of theboundaryvalueproblem

div(a gradu) —bu = X fu in Q

u = 0 on Iy 2)
add = 0 on Iy

thecommand~EMEig() canbeused.
[...] = FEMEig (...)

determine eigenvalues and eigenfunctions for the given BVP

div(a*grad u - b*u = la*f*u in domain

u==~0 on Dirichlet section of the boundary
a*du/dn =0 on Neumann section of the boundary



la = FEMEig(nodes,ele m,edges,a Func,b Func, fF unc, ei gVec, to |)
[la,ev] = FEMEig(nodes,ele m,edges,a Func,b Func, fF unc, ei gVec, to |)
nodes elem, edges contains information about the mesh
see ReadMesh() for the description of the format
aFunc bFunc fFunc  function files  for the coefficient functions
may also be given as vectors or scalar values
eigvec is the Iinitial guess for the eigenvectors
the number of columns determines the number of eigenvalues
to be computed
if a number n is given, then n eigenvalues will be computed
tol is the tolerance for the relative error of the eigenvalues
if not given tol = le-5 is used as default

la is the wvector containing the eigenvalues
ev is the matrix with the eigenvectors as columns

Thecommandwill createtheglobalstiffnessmatrix A anda massmatrix B andthencall SBEig() to
solve thegeneralizeaigevalueproblemAs = A Bv.
An exampleis givenin demos4 and?.

2.2.5 FEMValue

To computethe valueof the solutionat a specificpoint or at multiple useFEMValue() . Calling thefunc-
tion values=FEMValue (x y,n odes,e le m,u,d ef ault value ) returnsthe valuesof the linearly
interpolatedsolutionat the pointsgivenin xy . It is considerablymore efficient to call the function once
with multiple pointsin xy thanto call it for eachpoint separatelylf a pointis notin thedomain,then0O is
returnedunlessdefaultvalue is specified.Therearecertainlyfasteralgorithmsthanthe oneusedhere,
but its it notextremelyslow either

If onealsowishesto calculatehevaluesof thegradientatthegivenpointsthenonecancall thefunction
with 2 outputamuments,e.g. [values,grad]=F EMWal ue(x y, nodes,e le m,u) . Examplesare
shavnin demosl, 2,4,7,8and11.

2.2.6 FEMGradient

To computethe valueof the gradientof a functionat all nodesof themeshuseFEMGradient() . Calling
grad=FEMGradien t( nodes, ele m,u) will determinghegradientof thefunctionu atthenodes.The
functionis constructedy linearinterpolation,usingthe givenvaluesu atthenodes . Thenthegradientis
computedon eachelement.For eachnodea weightedaverageof the gradienton the neighboringelements
is used.Theweightis given by the angleof the element(triangle)at the node. For evaluationat the nodes
FEMGradient returnsbetterresultsthanFEMValue . An exampleis shavn in demo7 .

2.2.7 FEMiIntegrate

With thecommandntegral=FEMInte gr at e( nodes,e le m,u) thelinearinterpolationof thefunc-
tion determineddy u will beintegratedoverthedomain,i.e. compute

//u dA
Q
[...] = FEMiIntegrate (...

integrate a function over the mesh

10



integral = FEMiIntegrate(no des, el em,’f )
integral = FEMiIntegrate(no des, el em,fV al ues)
nodes elem describe the mesh
see ReadMesh() for the description of the format
' is the name of the function to be integrated
fValues a vector with the values of the function at the nodes
integral is the integral of the given function over the mesh

For linearfunctiontheresultis exact. An exampleis shavn in demo7 .

2.2.8 FindDOF

The function file FindDOF determineshe DOF (degreesof freedom)for the systemat hand. It also
determineghe correctnumberingof the DOF It is an internal function, calledin FEMEquation and
FEMEquationM . Theresultis storedin a variablen2d, to be usedin FEMSolveSym and FEMSolve .
Thereshouldbe no needto call this functionexplicitly.

2.3 Visualization

2.3.1 ShowSolution

The computedsolutioncanbe graphedusing Gnuplotwith the help of the commandShowSolution()
Its syntaxis self-explanatory

ShowsSolution(.. )
shows a graph of a numerical solution of the PDE

ShowSolution(no  des, el emu) ;
nodes, elem contain information about the mesh

see ReadMesh() for the description of the format
u contains the values of the solution at the nodes

To speedup thewriting to thetemporaryfile (/tmp/meshdata.gn  u) adynamicallylinked function
WriteSolution is used.Thesourceof ShowSolution is afunctionfile. Examplesaregivenin most
demos.

2.3.2 ShowLevelCurve s

Thelevel curnesof a computedfunction canbe visualizedbyShowLevelCurves() . Its syntaxis self-
explanatory

ShowLevelCurves (. .. )
shows level curves of a function on the mesh

ShowLevelCurves (nodes,e lem,u,l evel s);

nodes, elem contain information about the mesh
see ReadMesh() for the description of the format
u contains the values of the solution at the nodes

level is a list of values for which the level curves are drawn

see also ReadMesh, ShowMesh, FEMEquation, FEMSolve, FEMValue

Examplesaregivenin demos3, 7 and8 .

11



2.3.3 ShowVectorFiel d

A vectorfield (e.g.agradientfield) canbevisualizedby thecommandshowVectorField () . Its syntax

is self-explanatory

ShowVectorField (. .. )
shows a vector field plot of a numerical solution of the PDE

ShowVectorField (n odes,v ect or s, fa ct or)

nodes the coordinates of the points at which the vector field
vectors components of the vectorfield at nodes
factor vector field is rescaled by this factor, if given

if the argument factor is not specified an appropriate
default  value will be choosen

Examplesaregivenin demos4, 7, 10and11.

2.3.4 ShowSolutionMT V

was computed

If avisualizationwith the help of plotmtv is desired,thenuseShowSolutionMTV () . This command
generatesninputfile to bedisplayedirom acommandine by plotmtv ~ filename . Thefull power of

plotmtvis atyour disposition.

[...] = ShowSolutionMTV  (...)
generate the data to be plotted with plotmtv

ShowSolutionMTV (n odes,e lem,u,” fi le name’)
nodes elem u describe the mesh and the solution
filename’ is the name of the file to be used

The headerof thefile filename  allows for somemodificationsof the output. For moreinformation

consultthedocumentatiomf plotmtv.

2.4 Somefunction filesfor educational purposes

For educationaburposest canbe usefulto have pure Octase code,implementingall necessangtepsof
a FEM algorithm. This allows to computethe contritutions of eachelementand edgeto the systemof
equationto be solved andthe assemblingf the systemof linear equationscanbe examinedusing Octave
code.For larger problemsthis codeshouldnot be used,astheimplementationsn the previous sectionsare

considerablyfaster

e ElementContribu ti on

To computethe elementstiffnessmatrix andthe vectorcontribution of onegiven elementcall

[eIMat,elVec]=E le mentContr ib uti on(c or ners, aFunc, bFunc,f Func)
Seealsothe on-line helpon ElementContribut ion

e ElementContribu ti onEdge

To computethe contrikution of the RHS vectordueto oneline segmentof the Neumannpart of the

boundarycall edgeVec=Element Contr ib ut io nEdge(c or ners, gNFunc)
Seealsothe on-line helpon ElementContribut io nEdge

e FEMEquationM

This functionfile implementshe sameproceduresas FEMEquation . It callsthe abore two func-
tionsrepeatedlylt returnsa full matrix A andthusFEMSolve hasto be usedto solve the systemof

equations.

12



e FEMSolve
This function senesthe samepurposeasFEMSolveSym, but for a full matrix. It is usuallynot as
fast.

e FEMValueM
This functionsenesthe samepurposeasFEMValue , but is considerablyslower.

e ShowSolutionM , ShowVectorFiel d
Displaythe solutionor its gradientusing Gnuplot

Demo3 shavs anelementarysampleapplication.

3 Operationswith banded,symmetric matrices

3.1 Basicdescription

Many matricesusedto solve PDE (usingFEM) aresymmetric.lt the nodesarenumberedgroperlythenthe
matrix will shav a bandstructurej.e. all nonzeroelementsarelocatedcloseto the maindiagonal. Theal-
gorithmof Cholesl orthe LD LT factorizationcantake advantageof this structure see| ]
For asymmetricmatrix A of sizen x n with semi-bandwidtt the approximateeomputationatostto solve
onesystemof equationss givenby

1 1
Gaussy 3 n® and BandCholesly ~ 5an

Ohviouslyfor b <« n it is advantageouso usea bandedsolver. A moredetailedanalysisandanimplemen-
tationis givenin [ ).

To take adwantageof the symmetryand the bandstructurethe matriceswill be storedin a modified
format,asillustratedbelow.

10 2 3 0 O 10 2 3
2 20 4 5 0 20 4 5
3 4 30 6 7 |—1]130 67
0 5 6 40 8 40 8 0
0 0 7 8 50 5 0 0
A bandedversionof the LDL" factorizationin [ J canbeimplemented.f thematrix A is

strictly positive definite,thenthealgorithmis known to bestable.If A is notpositive definite,thenproblems
might occut sinceno pivoting is done. The matrix A is positive definiteif andonly if the diagonalmatrix
D is positive.

For agivenmatrix someof its smalleskigemwaluescanbe computedvith analgorithmbasecdninverse
power iteration. Preciseinformation on the numericalerrorsis provided. The codeis capableof finding
eigewvaluesof mediumsizematriceswherethe standarccommandeig()  of Octave is eithervery slow or
will fail.

3.2 Description of the commands

3.2.1 SBSol ve

The basicfactorizationalgorithmis implementedn SBSolve . The function canreturnthe solution of
the systemof linear equationspr the solutionandthe factorizationof the original matrix. Multiple setsof
equationganbesolved.
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[...] = SBSolve (...)
solve a system of linear equations with a symmetric banded matrix

X=SBSolve(A,B)
[X,R]=SBSolve(A ,B)

solves A X =B

Ais mxt where t-1 is number of non-zero super diagonals

B is mxn

X is mxn

R is mxt

if A would be ! 11000 ! then A=1! 11 !
I 14300 ! I 43 |
I 03520 ! I 52 1
I 00285 ! I 85 |
I 00059 ! I 90 !

B is a full matrix

The code is based on a LDL’ decomposition (use L=R’), without pivoting.
If A is positive definite, then it reduces to the Cholesky algorithm.

R is an upper right band matrix
The first column of R contains the entries of a diagonal matrix D.
If the first column of R is filled by 1's, then we have R*D*R = A

To determinethe inversematrix A~! onecanusethe commandnvA = SBSolve(A,eye(n )) ;.
Be awarethatcalculatingthe inversematrix is rarelyawisething to do. Most oftentheinverseof a banded
matrix will loosethe bandstructure. If mary systemof linear equationshave to be solved simultane-
ously thenuseSBSolve(A,B)  with amatrix B. If multiple systemaeedto be solved sequentiallyuse
SBFactor() andthenSBBacksub for eachsystento besolved.

If the matrix A is strictly positive definite,thenthe algorithmis stableand onecanexpectthe solution
to beasaccurateasthe conditionnumberof A permits.If A is semidefinitethenlarge errorsmight occur
sinceno pivoting is implementedn the code. The matrix is positive definiteif all eigewvaluesarepositive,
this canbeverified by inspectionof the signsof thenumbersn thefirst columnof R. The matrixis positive
definiteif thefirst columnof thefactorizatiormatrix R (useSBFactor() ) containgpositve numberonly.
A descriptionof thealgorithmcanbefoundin [ por[ ).

3.2.2 SBFact or and SBBacksub

Insteadof calling X=SBSolve(A,B) onecanfirst call R=SBFactor(A) to determinethefactorization
A = R DR andthenB=SBBacksub(R,X ) tosolwethesystem(sy- X = B . Sincemostof thecompu-
tationaleffort is in the factorization this canbe usefulif mary systemof linearequationshave to be solved
sequentially If multiple systemareto be solved simultaneouslyt is preferableto use SBSolve(A,B)
with amatrixB .

[...] = SBFactor(...)
find the R’'DR factorization of a symmetric banded matrix

R=SBFactor(A)

14



Ais mxt where t-1 is number of non-zero super diagonals

R is mxt
if A would be ! 11000 ! then A=1! 11 !
I 14300 ! I 43 |
I 03520 ! I 52 1
I 00285 ! I 85 !
I 00059 ! I 90 !

The code is based on a LDL' decomposition (use L=R’), without pivoting.
If A is positive definite, then it reduces to the Cholesky algorithm.

R is an upper right band matrix
The first column of R contains the entries of a diagonal matrix D.
If the first column of R is filled by 1's, then we have R*D*R = A

[...] = SBBacksub(...)
using backsubstitutio n to return the solution of a system of linear equations

X=SBBacksub(R,B )

B is mxn
X is mxn
R is mxt

R is produced by a call of [X,R] = SBSolve(A,B) or R = SBFactor(A)
It is an upper right band matrix

The first column of R contains the entries of a diagonal matrix D.
If the first column of R is filled by 1's, then we have R*D*R = A

If thereis interestin the classicalCholesk decompositiorof thematrix A (i.e. A = R’ - R) thenR canbe
computedoy

rBand=SBFactor( A);

d=sqrt(rBand(:, 1))
rBand(:,1)=ones  (n,1);
r=triu(diag(d)* rB and)

Thenumberof positive/negative numberdn thefirst columnof R equalghenumberof positve/neyative
eigewvaluesof A.

3.2.3 SBEi g

For given symmetricmatricesA andB thestandardresp.generalizedgigewvalue problemwill be solved,
i.e.
Av=)7 resp. Av=AB7
Usinginversepoweriterationagivennumberof thesmallesi{absolutesalue)eigevaluesif asymmetric
matrix A arecomputed.If neededheeigemwectorsarealsogeneratedA setof initial vectorsV have to be

given. If thosearealreadycloseto the eigervectors,thenthe algorithmwill converge ratherquickly. For a
precisedescriptiorandanalysisconsult] Por ]
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[...] = SBEig(...)
find a few eigenvalues of the symmetric, banded matrix
inverse  power iteration is used for the standard and generalized
eigenvalue  problem

[Lambda {Ev,err }1 = SBEig(A,V,tol) solve A*Ev
standard  eigenvalue problem

Ev*diag(Lambda)

[Lambda {Ev,err }1 = SBEig(A,B,V,tol ) solve A*Ev = B*Ev*diag(Lambda )
generalized eigenvalue problem

A is mxt, where t-1 is number of non-zero superdiagonals

is mxs, where s-1 is number of non-zero superdiagonals

\Y is mxn, where n is the number of eigenvalues desired
contains  the initial eigenvectors for the iteration

tol is the relative error, used as the stopping criterion

o9)

X is a column vector with the eigenvalues
Ev is a matrix whose columns represent normalized  eigenvectors
err is a vector with the a posteriori error estimates for the eigenvalues

Thealgorithmis basedninversepoweriterationwith n independentectors.Theiterationwill proceed
until the relative changeof all eigevaluesis smallerthanthe givenvalueof tol . This doesnot guarantee
thatthe relative erroris smallerthantol . Theinitial guessed/ for the eigevectorshave to be linearly
independentTheclosertheinitial guesss to the actualeigervector the fasterthealgorithmwill corverge.
Thealgorithmreturnsthen eigervaluesclosesto O .

For the standarceigevalueproblemA 4; = \; 7; the eigevectorsy; will be orthonormalwith respect
to the standardscalarproduct,i.e, (7; , ¥;) = ¢; ;. For thegeneralizecigewalueproblemA #; = \; B#;
thistranslateso (; , B @;) = ¢; ;. Thesymmetricmatrix B shouldbe positive definite. The columnsof Ev
canbeusedto restartthe algorithmif higheraccurag is required.

The algorithmwill returnreliable estimatedor the errorsin the eigewalues. The a posteriorierror
estimateerr is basedntheresidua” = A v — A ¢ and

: <o
A,.?;&)'A A < (7, 7) = |7

wherewe usethe normalization(s, ¥) = 1. If oneof the eigevalueshasto be computedwith high
accuray, theapproximatevalue A may be subtractedrom the diagonalof the matrix. Thenthe eigewvalue
closestio zeroof themodifiedmatrix A — AT canbecomputedusingthe alreadycomputeceigervector If
theeigewalueis isolatedthealgorithmwill corverge very quickly. Thisalgorithmis similarto theRayleigh
guotientiteration. A gooddescriptionis givenin [ ]

If theeigewalueclosesto X is denotedby ); we have theimproved estimate
e s — mind I — ] ey
A= < gap where gap= min{|A — X;| : A\; € 0(A),j # i}

It is very easyto implementthis testin Octase. If the estimateis basedon approximatevaluesof the
eigemvalues,thenthe resultis not asreliable asthe previous one. Sincethe value of gap will carry an
approximatiorerror. The situationis particularlybadif someeigervaluesareclustered.

For thegeneralizectigewalue problemwe usetheresidual” = A ¥ — A B ¥ andthe estimate

: - (7, B~'7)
m1n)|)\—)\i|§\/<7‘,B I and [N -\ < —4}F

Ai€o(A gap
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wherewe usethenormalization(', B ¥) = 1. Thevariableerr will returnthefirst of theabove estimates.
The precisealgorithmandproof of theabove estimates givenin [ i

3.2.4 SBProd

With this commanda symmetricbandedmatrix canbe multiplied with a full matrix.

[...] = SBProd(...)
multiplies a symmetric banded matrix with a matrix

X=SBProd(A,B)
Ais mxt where t-1 is number of non-zero super diagonals

B is mxn
X is mxn

if A would be ! 11000 then A=1 11

| |
' 14300 ! I 43 |
I 03520 ! I 52 |
I 00285 ! I 85 !
I 00059 ! I 90 !

B is full matrix Ax=B

3.2.5 BandToFul | ,Ful | ToBand and BandToSpar se

With thesecommandgonversionbetweerfull, symmetricmatricesandbandedsymmetricmatricess pos-
sible. A conversionto a sparsdormatis alsoincluded.

4 Auxiliary programs

An essentiapartof a FEM solutionto a boundaryvalue problemis the generatiorof amesh.The package
FEMoctave is building on externalcodesto generateghe meshes.

e EasyMeshThis codeis availablefrom awebsite® or alsofrom this authors homepage.Theoriginal
sourceis slightly modified.

— Onthefirstfew linesreplacetdefine  MAX_NODES3000 by#define  MAX_NODESL00000
to allow for meshesvith morethan3000nodes.

— Ontheverylastlinesreplacereturn 1 byreturn 0, otherwisethe make commandwill
notdo all of its joh.

e triangle This is an excellent meshgeneratorby JonatharRichard Shavchulé. The sourceis
includedwith this package.

e CuthillKcKee The numberingof the nodesin a meshgeneratedy triangle will not leadto a
matrix with smallbandwidth.The algorithmof Cuthill-McKeewill improve this situation.The code
is includedwith this packageor alsoavailableonthewebsite| ].

Shttp:/iwww-dinma.univ.trieste.it/nirftc/ resear ch/eas ymesh/
Shttp://www.cs.cmu.edu/ quake/triangle.htm |

17



5 Examples

Thereare a few examplesdistributed with this package. Find themin the subdirectoriesf ./demos
To run a demochangeinto the appropriatedirectory run make, start Octaze andthenusethe script file
demorun.m . Someof the demosrequire EasyMeshto generatehe mesheswhich might have to be
installedfirst. Most sampleapplicationseitherusetriangle or the meshis provided.

5.1 Demol: afirst example

ThesourceandaMakefile  for thisexamplecanbefoundin in directory./demos/demol . It isusedto
generatéhe meshwith the helpof EasyMesh
In this examplethe domainis the rectangleQ = [0, 5] x [0,4] andthe boundaryvalue problemto be

sohedis
Au = f(z,y) for 0<zx<5 and 0<y<4

=0 for 0<z<5 and ye€ {0,4}
gu — g(z,y) for z¢€{0,5} and 0<y<4

e

n
with f(z,y) = —1 andg(z,y) = —1. Thedescriptionof the domainandtype of boundaryconditionare
givenby thefile test4.d  showvn below.

5 # number of points #
# Nodes which define the boundary #

0 0 0.2 1
5 0 0.2 1
5 4 0.2 1

0 4 0.2 1
material marker #

2 2 0 1 # material 1#
4 # Number Boundary of segments #
0 1 1 #Dirichlet
1 2 2 #Neumann
2 3 1 #Dirichlet
3 0 2 #Neumann

hrHEONRO

ThecommandeEasyMesh test4 will thencreatethemesh.Thecoeficientfunctionsareall givenas
constantsThe Octave scriptbelov will generatea graphof thesolution.

clear
tic

[nodes,elem,edg es]= ReadMesh(". /t est 4");
readingtime=toc
tic

[A,b,n2d]=FEMEg uati on(no des, el emed ges, 1,0, -1, 0, -1);
setuptime=toc
tic

u=FEMSolveSym(n odes,A ,b, n2d, 0) ;
solvetime=toc
tic

ShowSolution(no  des, el em,u)
graphtime=toc

Thisleadsto figure 1 andthe outputbelow.
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octave:1> demorun

readingtime = 0.11547
setuptime = 0.12725
solvetime = 0.13990
graphtime = 0.067842
1.6
1.4
1.2
2r
0.8
0.6
0.4
0.2
3 I
-0.2 +

Figurel: Solutionof anelementaryPDE

Theadditionallinesin demorun.m evaluatethe functionalonga diagonalin thedomain.

np=25;
xy=[linspace(0, 5, np); li nspace(0,4,np)] ;
[values,grad]=F EMWalu e( xy, nodes, el em,u)

5.2 Demo?2: parameter dependenceand animation

This exampleis similar to demo1, in factthe samemeshis usedandonly the right handside function
f(z,y) changedlt depend®naparametepar, i.e. aglobalvariable.lt is givenby

| —par if z<2
f(”’y)_{—l if z>2

andimplementedn the scriptfile demorun.m. The parametepar variesfrom —1 to 2 andthe scriptfile
createsa poormans animationwith the help of Gnuplot

page_screen_out put= 0;

global  par;

clear f

function res = f(xy)
global  par;

[n,m]=size(xy);

res=-1*ones(n,1 )* par;

for k=1:max(size(xy ))
if(xy(k,1)>2) res(k)=-1;endi f
endfor

endfunction
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[nodes,elem,edg es]= ReadMesh(". ./ demolit est4 ") ;
gset zrange [-3:4]

for par=-1.0.1:2
[A,b,n2d]=FEMEq uati on(no des, el emed ges, 1,0, ,0,- 1);
u=FEMSolveSym(n odes,A ,b, n2d, 0) ;
ShowSolution(no  des, el em,u)
res=[par,FEMVal ue([ 2, 2], nodes, el em,u) ],
printf("For lambda=%2.3f we find u(2,2)=%2.4f\n" r es);
endfor

5.3 Demo3: usingfunction files only

Theproblemto be solvedon therectanguladomain2 = [0, 1] x [0, 2] is

Ay = -1 in Q
u = 0 on 90N

Themeshis generatedby thefunction CreateRectMesh( ) andall definitionsof the functionsaregiven
in the scriptfile demorun.m

clear

x=linspace(0,1, 5 ;

y=linspace(0,2, 5);

[nodes,elem,edg es]= CreateR ectMesh(x,y ,1,1,1,1);
[Ab,n2d]=FEMEq uati onM(nodes,e le m,edges,1,0,- 1,0 ,0);
u=FEMSolve(node s, A, b, n2d,0);

gset zrange [*:*]

gset nokey

ShowSolutionM(n  odes,e le m,u)

A % display  the matrix

b=b’ %display the vector

# evaluate along diagonal

npoints=10;
xv=linspace(0,1 ,n poin ts );
yv=linspace(0,2 ,n poin ts );
Xy=[xv;yv]’;

[values, grad] =FEMValueM(xy,n odes.,el emu ,0)

Sinceno dynamicallylinkedlibrariesareusedthisis aratherslov methodto solve theproblem.But for
smallmesheghis is feasiblenonethelessThe abore computatiorieadsto the globalstiffnessmatrix A and
thevectorb below.

A =
5.000 -2.000 0.000 -0.500 0.000 0.000 0.000 0.000 0.000
-2.000 5.000 -2.000 0.000 -0.500 0.000 0.000 0.000 0.000
0.000 -2.000 5.000 0.000 0.000 -0.500 0.000 0.000 0.000
-0.500 0.000 0.000 5.000 -2.000 0.000 -0.500 0.000 0.000
0.000 -0.500 0.000 -2.000 5.000 -2.000 0.000 -0.500 0.000
0.000 0.000 -0.500 0.000 -2.000 5.000 0.000 0.000 -0.500
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0.000 0.000 0.000 -0.500 0.000 0.000 5.000 -2.000 0.000
0.000 0.000 0.000 0.000 -0.500 0.000 -2.000 5.000 -2.000
0.000 0.000 0.000 0.000 0.000 -0.500 0.000 -2.000 5.000

b=
-0.125 -0.125 -0.125 -0.125 -0.125 -0.125 -0.125 -0.125 -0.125

The scriptdemorun.m alsocomputeghe valuesof the solution alonga diagonalof the rectangular
domain.

We may examinea singleelementstiffnessmatrices.To find the contritutionsfrom atriangularelement
with cornersat (0,0, (1,0) and(0, 1) use

[mat,vec]=Eleme nt Cont ri bution([0,0;1, 0;0,1],1,0, -1)
to obtain

mat = 1.00000  -0.50000 -0.50000
-0.50000 0.50000 0.00000
-0.50000 0.00000 0.50000

vec = -0.16667
-0.16667
-0.16667

A secondproblem
Au = 0 in Q
u = z+3y on 0N

is solvedin demorun2.m .

Resultsof thistype canbe usefulto teachFEM algorithms.

5.4 Demo 4: a bigger problem, evaluation of the solution, its gradient, eigervalues and
eigenfunctions

OnanlL-shapediomain{2 we considerthe boundaryalueproblem

Au = 10(z —vy) in
u = 0 on 09

The meshis generatedsuchthatit is finer at the inside corner It consistsof 2496 nodes,forming 4802
elements.

The codesin this demouse compiledfunctionsfor the coeficient function. Thus beforelaunching
the FEM code one hasto compile the function with the help of the make programm. Then the script
demorun.m shavn belov will computethe solutionandcreatea few plots.

tic
[nodes,elem,edg es]= ReadMesh(". /L shape") ;
NumberNodes=max (s iz e( nodes))
readingtime=toc
tic
[A,b,n2d]=FEMEq uati on(no des, el emed ges, 'a’, 0, f ,0,0);
setuptime=toc
[dof,semiband]= si ze(A)
tic
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u=FEMSolveSym(n odes,A ,b, n2d, 0) ;
solvetime=toc
figure(1);
tic

ShowSolution(no  des, el em,u)
graphtime=toc

ShowSolutionMTV (n odes.,el emu, u. mtv’)

gset zrange [*:*]
gset view 60, 300
gset title

gset nokey

replot

npoints=41;

x=linspace(-1,1 ,n poin ts );
y=linspace(1,-1 ,n poin ts );
Xy=[x;yI’;

pause(3)

tic

values=FEMValue (x y, nodes,e le m,u, 0) ;
evaluatetime=to c

figure(2);

gset nokey

gset title "A section"
plot (x,values)

tic
[la,vec]=FEMEig  (n odes,e lem,e dges,” a ,0,1,4,1e-4);

eigenvaluetime=  to c

eigenvalues=la’

figure(3);

gset title "3rd eigenfunction”
ShowSolution(no  des, el emve c(:, 3))
gset title

# evaluate on a mesh
npoints=21;
xv=linspace(-1, 1, npoi nt s); yv=linspace(-1, 1, npoin ts);

[xx,yy]=meshgri d(xv,y v) ;

Xy=[xx(:),yy() I
[values, grad] =FEMValue(xy,no des, ele m,u, 0);
figure(4);

ShowVectorField (xy, -grad)
Thisleadsto the output
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octave:1> demorun
NumberNodes = 2496
readingtime = 0.26706
setuptime = 0.27529

dof = 2308

semiband = 133

solvetime = 0.63635
graphtime = 0.21737
evaluatetime 0.018111
eigenvaluetime = 5.1880
eigenvalues = 9.6359 15.1744  19.6921  29.4253

This shavs that we have a systemwith 2308 unknawvns with a semi-bandwidthof 133. On a given
computef it takes 0.27 secto readthe meshinformation, 0.28 secto set up the equationsand 0.6 sec
to solve. Thetime to evaluatethe solutionalongthe diagonalfrom (—1,1) to (1, —1) at41 pointstakes
0.02sec. To find the first four eigewvalues5 secareused. The shapeof the third eigenfunctionis plotted.
Theresultinggraphsareshowvn in figure 2.
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Figure2: Solutionof a PDE,the gradientvectorfield, a crosssectionandthethird eigenfunction

Using the commandplotmtv
figure 3.

u.mtv & we cangenerate3—d plots and level curves, asshavn in

A dual Pentiumlll 800MHz PCwith 256KB cashper CPUand256M RAM runningLinux
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Figure3: A plot of level curwes,generatedby plotmtv
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5.5 Demob5: usingtriangle and CuthillMcK ee

Themeshcanbegeneratedby triangle Theinputfile for themeshin figure4 wasgeneratedisingtheinput
file testA.poly  shawvn belav. Furtherdocumentatiowanbe foundon the homepageof triangle

Figure4: Solutionon a structurewith ahole

Theproblemto be solved
Au = 0 for (z,y) € Q
u = z-y for (z,y) el

Theexactsolutionis u(z,y) = z - y, thuswe cancomparethe approximatesolutionandcomputethe error

# nodes
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125 1

Thenthe commandtriangle -pga0.03  testA.poly will generatehe mesh. To reducethe
computatiortime it is importantto usethe utility CuthillMcKee  torenumbethemesh.Thestructureof
nonzercelementss shavn in figure5. Thisfigurewasgeneratedby sparseplot('te stA.1" 1) and
sparseplot("tes tA.1") . Foralargersampleproblent with a matrix of size 1422the computation

time jumpedfrom 0.38secto 84 secasthe bandwidthchangedrom 44 to 1398.

X .
20 40 60 80 100 120 140 160 180

20 40 60 80 100 120 140 160 180

Figure5: Thestructureof the matrix beforeandafterrenumbering

5.6 Demo6: using CreateMeshTiangle

Thescriptdemorun.m shawvn belav generates meshon the unit squaredisplaysthe meshandthenthe
solutionof

Au = 1 for 0<z<1l and O0<y<1
gu = 1 for z=1 and 0<y<1
u = 0 ontheremainingthreesectionsof the boundary
CreateMeshTrian gl e("t est", [0,0,1;1,0, 2;1,1,1;0,1,1], 0.01)

[nodes,elem,edg
ShowMesh(nodes,

[A,b,n2d]=FEMEq
u=FEMSolveSym(n
ShowSolution(no

es]= ReadMeshTri angl e(" ./ te st .1");
el em)

uati on(n odes, el eme dges, 1,0, 1, 0,1 );
odes,A,b ,n2 d, 0);
des, el emu)

5.7 Demo7: eigenfunctionsof circular membrane

Considettheeigemwalueproblem

whereQ C R? isthedisk with radius1. Thecodebelov will computefour eigevaluesandeigenfunctions,

leadingto figure6.

in
on T =00

Au
U

AU
0

8createthe meshby triangle

-pqa0.003  testA.poly
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R=1; % radius of circle

nR = 40 ; % number of divisions to create circle

area=0.004;

w=linspace(0,2* pi *( 1-1/ nR),n R); % angles of points on circle
xy=[R*cos(w);R*  si n(w);ones(1,nR)] ;

CreateMeshTrian gl eQ(" ci rcl e" x vy, ar ea)

[nodes,elem,edg es]= ReadMeshTri angl e(" ./ circle .1" );

[la,vec]=FEMEig  (n odes,e lem,e dges,1 ,0, 1, 4, 1le-6);

la=la’

figure(1);

ShowSolution(no  des, el emve c(:, 1))
figure(2);

vmin=min(vec(:, 1)); vmax=max(vec(: ,1) );

ShowLevelCurves (nodes,elem,v ec(: ,1),I in space(vmin, vmax,1 1))
disp("Hit RETURN"); pause();

figure(1); ShowSolution(no  des, el emve c(:, 2))

figure(2); vmin=min(vec(:, 2)); vmax=max(vec(: ,2) );
ShowLevelCurves (nodes,elem,v ec(: ,2),l in space(vmin, vmax,1 1))
disp("Hit RETURN"); pause();

figure(1); ShowSolution(no  des, el emve c(:, 4))

figure(2); vmin=min(vec(:, 4)); vmax=max(vec(: ,4) );
ShowLevelCurves (nodes,elem,v ec(: ,4),l in space(vmin, vmax,1l 1))

A separatiorof variableargumentshavs thatthe exacteigewaluesaregiven by
VA = zym = m zeroof J, (r)

whereJ, (r) arethe Bessefunctionsof thefirst kind. Theeigenfunctionsre

u(r,§) = Ju(r/zam) - cos(5= @) and ulr, ) = Ju(r/zmm) - sin(5 = ¢)

Thuswe cancomparethe resultsof this codewith the exact solution. Obsenre thatfor n > 1 we have
eigevaluesof multiplicity 2. Thetablebelow identifiesthe first 20 eigervalues(resp. v/A) computedoy
FEMoctave with the exactvalueszy, ,,.

1 2 3 4 5 6 7 8 9 10
VA [ 2.4089 | 3.8365 | 3.8365 | 5.1393 | 5.1390 | 5.5226 | 6.3799 | 6.3802 | 7.0120 | 7.0122
Znym | 2.4048 | 3.8317 5.1356 5.5201 | 6.3802 7.0156
n 0 1 1 2 2 0 3 3 1 1
m 1 1 1 1 1 2 1 1 2
11 12 13 14 15 16 17 18 19 20
VA | 7.5826 | 7.5810 | 8.4047 | 8.4028 | 8.6384 | 8.7552 | 8.7555 | 9.7363 | 9.7307 | 9.9043
Znm | 7-9883 8.4172 8.6537 | 8.7715 9.7610 9.9361
n 4 4 2 2 0 5 5 3 3 6
m 1 1 2 2 3 1 1 2 2 1

Fortheseconcdigenfunctionn figure 6 we cancomputeanddisplaythegradienfield, shavnin figure7.
Firstcomputethefirst two eigenfunctionanddefinearegulargrid onthecircle.
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Figure6: Thefirst, secondandfourth eigenfunctiorof avibratingmembrane
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es]= ReadMeshTri angl e(" ./ circle .1" );
(n odes,e lem,e dges,1 ,0, 1, 2, 1le-6);

[nodes,elem,edg
[la,vec]=FEMEig

R=1;
nn=21;
[xx,yy]=meshgri

v=linspace(-R, R, nn) ;
d(v, v) ; xy=[xx(),yy()] :

Thentherearetwo differentpathto this result.
e Computevaluesof thefunctionandgradienton thegrid, thenshaowv the solution.

=FEMValue(xy,nod es,ele m,vec(: ,2), 0);
(xy.g rad)

[values, grad]
ShowVectorField

e Computethe gradientat the nodesof the mesh,then evaluatethe componentswith the help of
FEMValue anddisplaythegraph.

grad=FEMGradien t( nodes,e le m,vec(: ,2)) ;

gl=FEMValue(xy,
g2=FEMValue(xy,
ShowVectorField

nodes,e le m,grad(: 1),0);
nodes,e le m,grad(: 2),0);
(xy[ gl 9277 )

Theresultsshouldbe similar but might not beidentical.

S S S T
N P S
WSS S SN T

Figure7: Thegradientfield of the seconceigenfunctiorof avibratingmembrane

Thecommand-EMIntegrate() allows to integratefunctionsover the mesheddlomain.

FEMiIntegrate(no
FEMIntegrate(no
FEMiIntegrate(no
FEMiIntegrate(no

Leadingto answers3.1287 ~ =« (areaof thecircle), 1.4681 and0.00043, the integralsof the first and
secondeigenfunction.The lastanswerof 1.000 shawvs thatthe eigenfunctionis normalizedin the Ly (£2)—

norm.

des, el em1)

des, el emve c(:, 1))
des, el emve c(:, 2))
des, el emve c(:, 2).” 2)
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5.8 Demo8: computing a capacitance

Considemradially symmetriccapacitoiconsistingof two symmetric.conductingplatesof radiusr. Thetwo
conductorsare2 h apart. The setupis enclosedn acylinder of radiusR andheight2 H (—H < y < H).
By modelingonly the upperhalf of the capacitorwe find thefollowing differentialequationfor the voltage
u (radiusz, heighty)

div(z gradu) = 0 in domain
u = 0 alongedgey =0
u = 1 alongedgeof upperconductor
% 0 onremainingboundary

Betweenthe two platesthe field is expectedto be homogeneousandthis is confirmedby figures8. By
computingtheflux throughthe middle plain by

R T 2
ﬂUX://%dAZQTF/HI%dHI&‘Qﬂ'/CL‘ldx:ﬂ
ay 0 ay 0 h h

disk

we find the capacitancef this setup. If the setupwould correspondo a perfectplanecapacitorthenthe
normalizedflux shouldbe 1. The configurationin the scriptdemorunTriangle  (shavn below) leadsto
the significantly differentresultof 1.5. This illustratesthat a capacitancevith the dimensionsabove can
notbetreatedasanidealizedplatecapacitor

clear *

r=1;

R=2.5;

global h=0.2;
H=0.5;

N=201;
area=0.0001;

xy=[0,0,1; R,0,2: RH,2: rH,1; r,h,1; 0,h,2];

CreateMeshTrian gl e("c ap",x y, area)
[nodes,elem,edg es]= ReadMeshTri angl e(" ./ cap. 1");

function res = aF(xy)
res=xy(:,1);
endfunction
function res = volt(xy)

global h;

[n,m]=size(xy);

res=zeros(n,1);

for k=1:n

it (xy(k,2)<h/2) res(k)=0;
else res(k)=1;endif

endfor

endfunction

function res = zero(xy)
[n,m]=size(xy);

res=zeros(n,1);
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endfunction

[A,b,n2d]=FEMEq uati on(n odes, el eme dges, 'a F', zer o', zero’', volt ', 'zero’) ;
u=FEMSolveSym(n odes,A,b ,n2 d,'v ol t' );

x=linspace(0,R, N);

y=0.0*ones(1,N) ;

[uval,grad]=FEM  Valu e([x ;y] ', nodes, ele m,u);

plot(x,grad(:,2 )

# trapezoidal integration

flux=2*(x*grad( S 2)x((L)*g rad(1,2)/2- x(N)*grad(N,2)/ 2)*R/(N -1)* (h/r **2)

0.5

0.3 -

0.2

0.1

25

o 0.5 1 1.5 2 2.5

Figure8: Voltageandverticalfield in a capacitor

With the above codethe trianglesare of uniform size throughoutthe domain, but sincethe solution
variesonly very little in theright partof the domainwe areusingtoo mary trianglesthere. By generating
themeshdirectly with trianglewe candivide thedomainin two sectionsandgeneratdargertrianglesin the
right part. Thisis donein thefile capManual.poly  ,whichis theusedasinputfor triangle Considetthe
Makefile anddemorunManual.m for details.Thefile capManual2.poly  describeshesituationof
avery thin conductingplate,theresultwill becloserto anidealcapacitor

The sameproblemis also solved by the script demorunEasyMesh .m, using a meshgeneratedy
EasyMesh

5.9 Demo9: exactsolution and corvergence

Considettheunit square = [0, 1] x [0, 1]. Oncanverify theu,(z,y) = sinz - siny is anexactsolutionof

divgradu = -2 sinz-siny in domain
g—ﬁ = sinz-cosy alongedgey =1
U = U onremainingboundary

Let h > 0 bethetypical lengthof a sideof atriangle.By choosingdifferentvaluesof ~ we shouldobsere
smallererrorsfor smallervaluesof h. We measuréghe error by computingthe maximaldifferenceof the
exact and approximatesolutions. A doublelogarithmic plot leadsto figure 9. the slopeof the cure is
approximately2 and thus we concludeerror =~ ¢ - h?, i.e. quadraticcorvergenceof the approximate
solutionsto the exactsolution.

5.10 Demo10: testof sparsesolver

This exampleillustratesthe useof a sparsesolver. It waswritten by Andy Adler andis basedon SuperLU.
It may be found on sourcefoge [ ]. The FEM packagemight be modifiedto usethis solver
for all problemsasthe performancas rathergood.
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Figure9: Logarithmicplot of errorversustypical lengthof triangle

5.11 Demoll: potential flow problem

Considera laminar flow betweentwo plateswith an obstaclebetweenthe two plates. We assumehat
the situationis independentn oneof the spatialvariablesand considera crosssectiononly shovn in the
figure10. Thegoalis to find the velocity field #' of thefluid.

— —

— —
=11 = ®=0
— —

— —

— —

Figure10: Fluid flow betweertwo platesthe setup

We mayintroducea velocity potential®(z, y). Thevelocity vector4 is thengivenby

o®
- U;c A
v = = — g&ﬂ >
(n)--(%
Theflow is assumedo be uniform far away from the obstacle. Thuswe setthe potentialto ® = 1 (resp.
® = 0) attheleft (resp. right) endof the plates. Sincethe fluid cannot flow throughthe plateswe know
thatthe normalcomponenbf the velocity hasto vanishat the upperandlower boundary The differential

equationto be satisfiedby ® is
AP = div (grad ®) =0

In figure 11 the vectorfield for the velocity 4" is shavn. The vectorfiled wascomputedwith the help of
FEMValue() . Findthecodein demorun2.m . With demorun.m anddemorun3.m differentmeshes
areused.
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