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1 Basicdescription of the problem

This codecanbeusedto solve elliptic, secondorderpartialdifferentialequations(PDE)on a domain
������

with boundary���	��

�� � � . For given functions � , � , � , ��� and ��� anapproximatesolution � of the
boundaryvalueproblem(BVP) ������� ���! #" � �%$'&(�)� � � in

�� � ��� on � 
�+*�,*.- � ��� on � � (1)

is computed.On a triangularizationof thedomain
�

a piecewiselinearapproximationof theexactsolution
is used.Themathematicalbackgroundcanbefoundin many books,e.g.[John87], [Loga92] and[Redd84].
Theimplementationis basedonasetof lecturenotesby thisauthor(see[VarFem]).

Thegoalis to provide a setof Octave commandsto solve theabove problem.Thecommandsarelisted
in table1. For teachingpurposesa full setof commandsto computeelementstiffnessmatrices,construct
thesystemof linearequationsandexaminethesolutionis given. A setof sampleproblemsis includedand
might helpto illustratethecommands.More examplesaregivenin [VarFem].

This codewasdevelopedandtestedon a varietyUNIX systems.DynamicallylinkedOctave functions
areusedto obtainshortercomputationtimes.Thisauthoris notawareonany systemdependentfeatures.

Similar codewasimplementedin Mathematicaandcanbeobtainedthroughtheauthorshomepage1 or
at theWolframmathsourcesite2. TheruntimeperformanceunderMathematicais ratherpoor.

2 FEM commands

A list of all commandsis givenin table1. Thefollowing sectiongiveashortdescriptionof eachcommand.
1http://www.hta-bi.bfh.ch/˜sha
2http://www.mathsource.com
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Creating,readingandvisualizingamesh
ReadMesh() readingmeshinformationfrom EasyMeshfiles
ReadMeshTriang le () readingmeshinformationfrom trianglefiles
CreateRectMesh () createa rectangularmesh
CreateEasyMesh () createameshby callingEasyMesh
CreateMeshTria ngle () createameshby calling triangle
ShowMesh() visualizethemesh.
Creatingandsolvingthesystemof linearequations,evaluatefunctions
FEMEquation() setup thesystemof linearequations
FEMSolveSym() solve thesystemof linearequations,bandedsymmetricsolver
FEMEig() find eigenvaluesandeigenfunctions
FEMValue() evaluatethesolutionandits gradientatgivenpoints
FEMGradient() evaluatethegradientat thenodesof themesh
FEMIntegrate() integratea functionover thedomain
Visualizationof thesolution
ShowSolution() visualizethesolutionwith thehelpof Gnuplot
ShowLevelCurve s( ) show thelevel curvesof a function
ShowVectorFiel d( ) visualizethegradientof thesolutionasvectorfield
ShowSolutionMT V( ) createaninput file for plotmtv
Functionsfor educationpurposes
ReadMeshM() readingmeshinformationfrom EasyMeshfiles
ReadMeshTriang le M() readingmeshinformationfrom trianglefiles
ElementContrib ut io n( ) find elementstiffnessmatrixandtheelementvector
ElementContrib ut io nEdge () find contribution of oneedge
FEMEquationM() setup thesystemof linearequations
FEMSolve() solve thesystemof linearequations,full matrix
FEMValueM() evaluatethesolutionandits gradientatgivenpoints
ShowSolutionM( ) visualizethesolution
Operationsfor symmetric,bandedmatrices
SBSolve() solve asystemof linearequations
SBFactor() find the /102�3/ factorization
SBBacksub() useback-substitutionto solve systemof equations
SBEig() find a few of thesmallesteigenvaluesandeigenvectors
SBProd() multiply symmetricbandedmatrixwith full matrix
FullToBand() convert asymmetricmatrix to abandedmatrix
BandToFull() convert abandedmatrix to asymmetricmatrix
BandToSparse() convert abandedmatrix to asparsematrix

Table1: List of commands
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2.1 Readingthe meshinformation and generatingmeshes

Currently the meshmay be generatedby EasyMesh3. Using one input file (e.g. test.d ) threeoutput
files aregeneratedby EasyMesh, with informationon nodes(test.n ), elements(test.e ) and edges
(test.s ).

Another option is to usethe codetriangle, written by JonathanRichardShewchuk4. The sourceis
includedthe distribution of FEMoctave. Sincetriangle doesnot numberits nodesto minimize the band-
width of the matrix the additionalutility CuthillMcKee is provided. Sampleapplicationsare shown in
demos5, 8 and10 andits Makefile . Somemoredocumentationcanbefoundon this authorshomepage
at [www:sha].

2.1.1 ReadMesh

If themeshis generatedby EasyMesh, thenthefiles arereadby thecommandReadMesh() to make the
informationavailableto Octave, i.e. readthevariablesnodes , elem undedges by calling
[nodes,elem,edg es ]= ReadMesh( "t es t" )
Thedirectoryof thefiles canbebegivenaspartof thefilename.Thetypeof boundaryconditionshave to
begiven in thesemeshdescriptions.Dirichlet conditionsareof type1 andNeumannconditionsof type2.
Theon-linehelponReadMesh() givessomemoreinformation.

[...] = ReadMesh (...)
reads the information of EasyMesh output into Octave data structures

[nodes,elem,edg es ]= ReadMesh( fi le name);
the files filename.n filename.e filename.s are read
these files have to be generated first by ‘EasyMesh filename’
EasyMesh reads filename.d for the description of the domain
The boundary markers in filename.d lead to the following boundary conditions

1 leads to a Dirichlet condition
2 leads to a Neumann condition

the matrices nodes elem edges describe the mesh

nodes contains the x and y coordinates of the nodes and the material
type at each node, i.e. nodes =[x1,y1,m1;x2,y 2, m2;. .. ;xn ,y n, mn]

elem contains the information about the elements
One row shows the numbers of the three nodes forming the element and
then the material type of the element

edges contains the information about the boundary segments
One row shows the numbers of the two nodes forming the segment and
then the boundary markers is shown (1=Dirichlet, 2=Neumann)

Currently material information ignored

2.1.2 ReadMeshTriang le

If themeshis generatedby triangle, thenthefiles arereadby thecommandReadMeshTriang le () to
make theinformationavailableto Octave, i.e. readthecorrespondingvariableswith thehelpof
[nodes,elem,edg es ]= ReadMeshTri angl e(" te st .1 ")
OneshoulddefinitelyuseCuthillMcKee to renumberthenodes,see./demos/demo5 .

3http://www-dinma.univ.trieste.it/˜nirftc/ resear ch/eas ymesh/
4Informationcanbefoundathttp://www.cs.cmu.edu/˜quake/triangle.htm l
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2.1.3 CreateRectMesh

With thecommandCreateRectMesh () arectangularmeshcanbegenerated,withoutthehelpof EasyMesh
or triangle.

[...] = CreateRectMesh( ... )
generate a rectangular mesh

[nodes,elem,edg es ] = CreateRectMesh(x ,y ,b lo w, bup ,b le ft ,b rig ht )
nodes elem edges contain the information on the mesh

x y vectors containing the coordinates of the nodes
a typical vertex is (x(j), y(i))

blow,bup,bleft, br ig ht indicate the type of boundary condition
at lower, upper, right and left edge of rectangle

b*=1 Dirichlet condition
b*=2 Neumann condition

An exampleis shown in demo3.

2.1.4 CreateEasyMesh

If thedomainto bemeshedis enclosedby a simplecurve, thenthecommandCreateEasyMesh canbe
used. The nodesforming the curve andthe type of boundaryconditions,togetherwith the typical length
of the sidesof the trianglesandthe filename,aregiven asinput parameters.The commandgeneratesan
inputfile for EasyMeshandthencallsEasyMesh, thusEasyMeshneedsto beinstalledfor this to work. An
exampleis shown in demos8 and11 .

[...] = CreateEasyMesh( ... )
generate a mesh using EasyMesh

CreateEasyMesh( name,x y, len )
name the base filename: the file name.d will be generated

then EasyMesh will generate files name.* with the mesh

xy vector containing the coordinates of the nodes forming the
outer boundary. Currently no holes can be generated. The format is
[x1,y1,t1;x2,y2 ,t 2;. .. ;x n, yn ,tn ] where
xi x-coordinate of node i
yi x-coordinate of node i
ti boundary marker for segment from node i to node i+1

bi=1 Dirichlet condition
bi=2 Neumann condition

the last given node will be connected to the first given node
to create a closed curve

len vector with the typical length of triangle side at a point
if len is a scalar the same length will be used for all points

The information can then be read and used by
[nodes,elem,edg es ]= ReadMes h( "n ame") ;
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2.1.5 CreateMeshTria ngle

If thedomainto bemeshedis enclosedby asimplecurve,thenthecommandCreateMeshTrian gle can
beused.Thenodesforming thecurve andthetypeof boundaryconditions,togetherwith themaximalarea
of the trianglesandthefilename,aregiven asinput parameters.Thecommandgeneratesan input file for
triangleandthencallstriangle, thustriangleneedsto beinstalledfor this to work. In additionCuthillMcKee
is calledto assurea bandstructureof theresultingmatrix. Examplesareshown in demos6, 7, 8, 9 and11 .

[...] = CreateMeshTrian gle (. .. )
generate a mesh using triangle

[...] = CreateMeshTrian gle (. .. )
generate a mesh using triangle
CreateMeshTriang le (n ame,x y, ar ea)

name the base filename: the file name.poly will be generated
then triangle will generate files name.1.* with the mesh

xy vector containing the coordinates of the nodes forming the
outer boundary. Currently no holes can be generated. The format is
[x1,y1,t1;x2,y 2, t2; .. .; xn ,y n,t n] where
xi x-coordinate of node i
yi x-coordinate of node i
ti boundary marker for segment from node i to node i+1

bi=1 Dirichlet condition
bi=2 Neumann condition

the last given node will be connected to the first given node
to create a closed curve

area a scalar given the maximal area of the triangles to be generated

The information can then be read and used by
[nodes,elem,ed ges] =ReadMesh Tr ian gl e( "n ame.1 ") ;

Thissimplescriptfile only coversratherelementarysituations.triangleallowsfor many moreoptionsto
bespecifiedandits webpageshow how to usethem.To generategoodmeshesweclearlyrecommendto use
triangledirectly. An exampleof this is show in demo8 wherewecomputethecapacitanceof aconductor.

2.1.6 ShowMesh

For a visual control of the meshuseShowMesh() . With ShowMesh(nodes,e le m) a temporaryfile
will bewritten to thediskandthenGnuplot is calledto show themesh.

2.2 Settingup and solving the systemof linear equations

In thissectionwetry to giveabrief explanationof thecommandusedto convert theboundaryvalueproblem
in equation(1) into asystemof linearequations.

2.2.1 Writing the function files

Theexamplesin ./demos/* show differenttechniquesto implementthefunctions.
To solve theboundaryvalueproblem(1) thefunctions � , � , � , ��� and �4� have to begiven. They can

be given by oneconstantor by a vectorof valuesat the nodesof the mesh. Onecanalsoimplementthe
functionsin scriptfiles, asfunctionfiles (‘*.m’) or asdynamicallylinked functions(‘*.oct’). Thefunction
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accepta matrix with 5 and 6 coordinatesof pointsasargumentsandreturna vectorwith thevaluesof the
function asresult. As an exampleconsideran implementationof the function � � 5
7869$:�<;>=?5 . Calling
a([1,2;3,4;5,-6 ]) shouldreturntheanswer[2;4;6] . Thecodebelow hasto bein afile a.m .

function res = a(xy)
[n,m]=size(xy);
res=zeros(n,1);
for k=1:n

res(k)=1+xy(k,1 );
endfor

endfunction

A vectorized(faster)implementationof thesamefunctionis givenby

function res = aVector(xy)
res=1 + xy(:,1);

endfunction

If theapplicationshasto runasfastaspossible,thenanimplementationasadynamicallylinkedfunction
shouldbeconsidered.On goodoperatingsystemsthecommandmkoctfile -s a.cc will createa file
a.oct usingtheinput below. Thespeedimprovementcanbeconsiderable.Below find thefile a.cc

#include <iostream.h>
#include <math.h>
#include <octave/oct.h>
#include <octave/parse. h>

DEFUN_DLD(a, args, , "[...] = a (...) bla ")
{

octave_value_li st retval;
int nargin = args.length ();
if (nargin !=1 ) {

print_usage ("a");
return retval;

}
octave_value X_arg = args(0);
int nr= X_arg.rows();
Matrix xy=X_arg.matri x_v al ue() ;
ColumnVector result (nr);

for(int i= 0; i < nr; i++) { result(i) =1.0 + xy(i,0); }
retval(0)=resul t;
return retval;

}

Oftenis is convenientto createonesourcefile for multiple functionsandthenuselinks to generateother
*.oct files. Thiscansave aconsiderableamountof disk space.An exampleis shown in demo4.

2.2.2 FEMEquation

Onceall functionsandthe meshinformationaresetup, thenthe systemof linear equationscanbe setup
upby [A,b,n2d]=FEMEq uati on( nodes, el em,edges, ’a ’,’ b’ ,’ f’ ,’ gD’ ,’ gN’) ; to solve
theboundaryvalueproblemin equation(1).
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@ The functionsa, b and f canbe given asstring with the function–name,asarrayof valuesat the
nodesor asonescalarvalueto beusedon all nodes,i.e. constantcoefficients.@ The boundaryfunctionsgD andgN canbe given asstring with the function–nameor asa constant
scalarvalue.

Thecommandwill createa representationof thesymmetricmatrix in A andtheRHSin thevectorb. The
vector n2d shows the essentialboundaryconditionsand numbersthe actualdegreesof freedomof the
system.Almost FEM problemssolvedwith thispackagewill requireacall of FEMEquation() .

Theon-linehelponFEMEquation() givesmoreinformation,asshown below.

[...] = FEMEquation (...)
sets up the system of linear equations for a numerical solution of a PDE

[A,b,n2d]=FEMEq uati on(no des, el em,ed ges, ’a ’, ’b’ ,’ f’ ,’ gD’,’ gN’)
[A,b,n2d]=FEMEq uati on(no des, el em,ed ges, aVec ,bV ec ,f Vec, ’gD ’, ’g N’ )

nodes elem edges describe the mesh
see ReadMesh() for the description of the format

’a’,’b’,’f’,’g D’ ,’ gN’ are the names of the functions and coefficients
in the boundary value problem given below

the functions a, b and f may be given as constant scalar value
or as vector with the values of the function at the nodes

the functions gD and gN may be given as constant scalar value

div(a*grad u) - b*u = f in domain
u = gD on Dirichlet section of the boundary

a*du/dn = gN on Neumann section of the boundary

A is the matrix of the system to be solved.
It is stored in a symmetric, banded form (see SBSolve() )

b is the RHS of the system to be solved.
n2d is the renumbering of the nodes to the DOF of the system

n2d(k)=0 indicates that node k is a Dirichlet node
n2d(k)=nn indicates that the value of the solution at node k

is given by u(nn)

Thecontributionsof eachelementandedgearecomputedinternallyby this function.Thefunctionfiles
ElementContribu ti on andElementContribu ti onEdge arenotused.

2.2.3 FEMSolveSym

Oncetheequationsareknown they canbesolve by u=FEMSolveSym(n odes, A, b, n2d, ’gD ’) . The
vectoru will containthevaluesof thefunctionat thenodes.Theon-linehelpshows moreinformation.

[...] = FEMESolveSym (...)
solves the system of linear equations for a numerical solution of a PDE

u=FEMSolveSym(n odes ,A ,b ,n2 d, gDFunc )

nodes contains information about the mesh
see ReadMesh() for the description of the format

A is the matrix of the system to be solved.
It is stored in a symmetric, banded form (see SBSolve() )
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b is the RHS of the system to be solved.
n2d is the renumbering of the nodes to the DOF of the system

n2d(k)=0 indicates that node k is a Dirichlet node
n2d(k)=nn indicates that the value of the solution at node k

is given by u(nn)
’gD’ is the function describing the Dirichlet boundary condition

it may also be given as a scalar value

u is the vector with the values of the solution

The sourceof FEMSolveSym is very simple. First the systemof equationsis solved by calling
SBSolve() , then the solution is supplementedwith the valueson the Dirichlet boundaryfor the final
solutionvectoru.

function u=FEMSolveSym( nodes ,g Mat, gVec, n2d, gDFunc)
if (nargin!=5)

help("FEMSolveS ym") ; usage("FEMSolveS ym(n odes, A, b, n2d, gDFunc) ") ;
endif

ug=-SBSolve(gMa t, gVec );
n=length(n2d);
u=zeros(n,1);

for k=1:n
if n2d(k)>0

u(k) = ug(n2d(k));
else

if is_scalar(gDFu nc ) u(k) = gDFunc;
else u(k) = feval(gDFunc,nod es (k ,1 :2 ));

endif % scalar
endif

endfor
endfunction

If thematrix A is not given in bandedsymmetricform, thenthecommandFEMSolve() canbeused
instead.If possibleFEMSolveSym() shouldbeused,asit is considerablyfaster.

2.2.4 FEMEig

To determineeigenvaluesA andeigenfunctions� of theboundaryvalueproblem������� ���! #" � �%$'&(�)� � AB�1� in
�� � C on ��
�+*D,*.- � C on � � (2)

thecommandFEMEig() canbeused.

[...] = FEMEig (...)
determine eigenvalues and eigenfunctions for the given BVP

div(a*grad u) - b*u = la*f*u in domain
u = 0 on Dirichlet section of the boundary

a*du/dn = 0 on Neumann section of the boundary
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la = FEMEig(nodes,ele m,edges,a Func ,b Func, fF unc, ei gVec, to l)
[la,ev] = FEMEig(nodes,ele m,edges,a Func ,b Func, fF unc, ei gVec, to l)

nodes elem, edges contains information about the mesh
see ReadMesh() for the description of the format

aFunc bFunc fFunc function files for the coefficient functions
may also be given as vectors or scalar values

eigVec is the initial guess for the eigenvectors
the number of columns determines the number of eigenvalues
to be computed
if a number n is given, then n eigenvalues will be computed

tol is the tolerance for the relative error of the eigenvalues
if not given tol = 1e-5 is used as default

la is the vector containing the eigenvalues
ev is the matrix with the eigenvectors as columns

Thecommandwill createtheglobalstiffnessmatrix E andamassmatrix F andthencall SBEig() to
solve thegeneralizedeigenvalueproblem E(GH �IAJFKGH .

An exampleis givenin demos4 and7.

2.2.5 FEMValue

To computethevalueof thesolutionat a specificpoint or at multiple useFEMValue() . Calling thefunc-
tion values=FEMValue (x y,n odes ,e le m,u,d ef ault va lue ) returnsthe valuesof the linearly
interpolatedsolutionat the pointsgiven in xy . It is considerablymoreefficient to call the function once
with multiple pointsin xy thanto call it for eachpoint separately. If a point is not in thedomain,then0 is
returned,unlessdefaultvalue is specified.Therearecertainlyfasteralgorithmsthantheoneusedhere,
but its it notextremelyslow either.

If onealsowishesto calculatethevaluesof thegradientat thegivenpointsthenonecancall thefunction
with 2 output arguments,e.g. [values,grad]=F EMVal ue(x y, nodes ,e le m,u) . Examplesare
shown in demos1, 2, 4, 7, 8 and11.

2.2.6 FEMGradient

To computethevalueof thegradientof a functionatall nodesof themeshuseFEMGradient() . Calling
grad=FEMGradien t( nodes, ele m,u) will determinethegradientof thefunction � at thenodes.The
functionis constructedby linearinterpolation,usingthegivenvaluesu at thenodes . Thenthegradientis
computedon eachelement.For eachnodea weightedaverageof thegradienton theneighboringelements
is used.Theweight is givenby theangleof theelement(triangle)at thenode.For evaluationat thenodes
FEMGradient returnsbetterresultsthanFEMValue . An exampleis shown in demo7 .

2.2.7 FEMIntegrate

With thecommandintegral=FEMInte gr at e( nodes ,e le m,u) thelinearinterpolationof thefunc-
tion determinedby � will beintegratedover thedomain,i.e. computeLMLN �BO�P
[...] = FEMIntegrate (...)

integrate a function over the mesh
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integral = FEMIntegrate(no des, el em, ’f ’)
integral = FEMIntegrate(no des, el em, fV al ues)

nodes elem describe the mesh
see ReadMesh() for the description of the format

’f’ is the name of the function to be integrated
fValues a vector with the values of the function at the nodes

integral is the integral of the given function over the mesh

For linearfunctiontheresultis exact.An exampleis shown in demo7 .

2.2.8 FindDOF

The function file FindDOF determinesthe DOF (degreesof freedom)for the systemat hand. It also
determinesthe correctnumberingof the DOF. It is an internal function, called in FEMEquation and
FEMEquationM . The result is storedin a variablen2d , to be usedin FEMSolveSym andFEMSolve .
Thereshouldbeno needto call this functionexplicitly.

2.3 Visualization

2.3.1 ShowSolution

ThecomputedsolutioncanbegraphedusingGnuplotwith thehelpof thecommandShowSolution() .
Its syntaxis self-explanatory.

ShowSolution(.. .)
shows a graph of a numerical solution of the PDE

ShowSolution(no des, el em,u) ;
nodes, elem contain information about the mesh

see ReadMesh() for the description of the format
u contains the values of the solution at the nodes

To speedup thewriting to thetemporaryfile (/tmp/meshdata.gn u) a dynamicallylinkedfunction
WriteSolution is used.Thesourceof ShowSolution is a functionfile. Examplesaregivenin most
demos.

2.3.2 ShowLevelCurve s

The level curvesof a computedfunctioncanbevisualizedbyShowLevelCurves() . Its syntaxis self-
explanatory.

ShowLevelCurves (. .. )
shows level curves of a function on the mesh

ShowLevelCurves (n odes ,e lem ,u ,l ev el s);
nodes, elem contain information about the mesh

see ReadMesh() for the description of the format
u contains the values of the solution at the nodes
level is a list of values for which the level curves are drawn

see also ReadMesh, ShowMesh, FEMEquation, FEMSolve, FEMValue

Examplesaregivenin demos3, 7 and8 .
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2.3.3 ShowVectorFiel d

A vectorfield (e.g.agradientfield) canbevisualizedby thecommandShowVectorField () . Its syntax
is self-explanatory.

ShowVectorField (. .. )
shows a vector field plot of a numerical solution of the PDE

ShowVectorField (n odes ,v ect or s, fa ct or)
nodes the coordinates of the points at which the vector field was computed
vectors components of the vectorfield at nodes
factor vector field is rescaled by this factor, if given

if the argument factor is not specified an appropriate
default value will be choosen

Examplesaregivenin demos4, 7, 10 and11 .

2.3.4 ShowSolutionMT V

If a visualizationwith the help of plotmtv is desired,thenuseShowSolutionMTV () . This command
generatesaninput file to bedisplayedfrom a commandline by plotmtv filename . Thefull power of
plotmtv is at yourdisposition.

[...] = ShowSolutionMTV (...)
generate the data to be plotted with plotmtv

ShowSolutionMTV (n odes ,e lem ,u ,’ fi le name’ )
nodes elem u describe the mesh and the solution

’filename’ is the name of the file to be used

Theheaderof thefile filename allows for somemodificationsof theoutput. For moreinformation
consultthedocumentationof plotmtv.

2.4 Somefunction files for educationalpurposes

For educationalpurposesit canbe useful to have pureOctave code,implementingall necessarystepsof
a FEM algorithm. This allows to computethe contributions of eachelementandedgeto the systemof
equationto besolved andtheassemblingof thesystemof linearequationscanbeexaminedusingOctave
code.For largerproblemsthis codeshouldnot beused,astheimplementationsin theprevioussectionsare
considerablyfaster.@ ElementContribu ti on

To computetheelementstiffnessmatrixandthevectorcontribution of onegivenelementcall
[elMat,elVec]=E le mentC ontr ib uti on(c or ners, aFunc, bFunc ,f Func )
Seealsotheon-linehelponElementContribut io n@ ElementContribu ti onEdge
To computethecontribution of theRHSvectordueto oneline segmentof theNeumannpartof the
boundarycall edgeVec=Element Contr ib ut io nEdge(c or ners, gNFunc )
Seealsotheon-linehelponElementContribut io nEdge@ FEMEquationM
This functionfile implementsthesameproceduresasFEMEquation . It calls theabove two func-
tionsrepeatedly. It returnsa full matrix A andthusFEMSolve hasto beusedto solve thesystemof
equations.
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@ FEMSolve
This functionservesthesamepurposeasFEMSolveSym, but for a full matrix. It is usuallynot as
fast.@ FEMValueM
This functionservesthesamepurposeasFEMValue , but is considerablyslower.@ ShowSolutionM , ShowVectorFiel d
Displaythesolutionor its gradientusingGnuplot.

Demo3 shows anelementarysampleapplication.

3 Operationswith banded,symmetric matrices

3.1 Basicdescription

Many matricesusedto solve PDE(usingFEM) aresymmetric.It thenodesarenumberedproperlythenthe
matrix will show a bandstructure,i.e. all nonzeroelementsarelocatedcloseto themaindiagonal.Theal-
gorithmof Cholesky or the QR�BQ�0 factorizationcantakeadvantageof thisstructure,see[GoluVanLoan96].
For asymmetricmatrix P of size SUT:S with semi-bandwidth� theapproximatecomputationalcostto solve
onesystemof equationsis givenby

GaussV ;W SYX and BandCholesky V ;Z S[� �
Obviously for �]\^S it is advantageousto useabandedsolver. A moredetailedanalysisandanimplemen-
tationis givenin [VarFem].

To take advantageof the symmetryand the bandstructurethe matriceswill be storedin a modified
format,asillustratedbelow. _

````a
;bC Z W C CZ Z C c d CW c W C e fC d e cgC hC C f h diC

jlkkkkm &)n
_
````a
;bC Z WZ C c dW C e fcgC h CdiC C C

jlkkkkm
A bandedversionof the QR�BQ 0 factorizationin [GoluVanLoan96] canbe implemented.If thematrix P is
strictly positivedefinite,thenthealgorithmis known to bestable.If P is notpositivedefinite,thenproblems
might occur, sinceno pivoting is done.Thematrix P is positive definiteif andonly if thediagonalmatrix� is positive.

For agivenmatrixsomeof its smallesteigenvaluescanbecomputedwith analgorithmbasedon inverse
power iteration. Preciseinformationon the numericalerrorsis provided. The codeis capableof finding
eigenvaluesof mediumsizematrices,wherethestandardcommandeig() of Octave is eitherveryslow or
will fail.

3.2 Description of the commands

3.2.1 SBSolve

The basicfactorizationalgorithm is implementedin SBSolve . The function canreturn the solution of
thesystemof linearequations,or thesolutionandthefactorizationof theoriginal matrix. Multiple setsof
equationscanbesolved.
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[...] = SBSolve (...)
solve a system of linear equations with a symmetric banded matrix

X=SBSolve(A,B)
[X,R]=SBSolve(A ,B )

solves A X = B

A is mxt where t-1 is number of non-zero super diagonals
B is mxn
X is mxn
R is mxt

if A would be ! 11000 ! then A= ! 11 !
! 14300 ! ! 43 !
! 03520 ! ! 52 !
! 00285 ! ! 85 !
! 00059 ! ! 90 !

B is a full matrix

The code is based on a LDL’ decomposition (use L=R’), without pivoting.
If A is positive definite, then it reduces to the Cholesky algorithm.

R is an upper right band matrix
The first column of R contains the entries of a diagonal matrix D.
If the first column of R is filled by 1’s, then we have R’*D*R = A

To determinethe inversematrix o)p 
 onecanusethe commandinvA = SBSolve(A,eye(n )) ; .
Be awarethatcalculatingtheinversematrix is rarelyawisething to do. Most oftentheinverseof a banded
matrix will loosethe bandstructure. If many systemof linear equationshave to be solved simultane-
ously, thenuseSBSolve(A,B) with a matrix B. If multiple systemsneedto besolved sequentially, use
SBFactor() andthenSBBacksub for eachsystemto besolved.

If thematrix A is strictly positive definite,thenthealgorithmis stableandonecanexpectthesolution
to beasaccurateastheconditionnumberof A permits.If A is semidefinite,thenlargeerrorsmight occur,
sinceno pivoting is implementedin thecode.Thematrix is positive definiteif all eigenvaluesarepositive,
thiscanbeverifiedby inspectionof thesignsof thenumbersin thefirst columnof R. Thematrix is positive
definiteif thefirst columnof thefactorizationmatrixR(useSBFactor() ) containspositivenumbersonly.
A descriptionof thealgorithmcanbefoundin [GoluVanLoan96] or [VarFem].

3.2.2 SBFactor and SBBacksub

Insteadof calling X=SBSolve(A,B) onecanfirst call R=SBFactor(A) to determinethefactorizationPq�r/ 0 �3/ andthenB=SBBacksub(R,X ) to solve thesystem(s)Ptsvuw�rx . Sincemostof thecompu-
tationaleffort is in thefactorization,this canbeusefulif many systemof linearequationshave to besolved
sequentially. If multiple systemareto be solved simultaneouslyit is preferableto useSBSolve(A,B)
with amatrixB .

[...] = SBFactor(...)
find the R’DR factorization of a symmetric banded matrix

R=SBFactor(A)
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A is mxt where t-1 is number of non-zero super diagonals
R is mxt

if A would be ! 11000 ! then A= ! 11 !
! 14300 ! ! 43 !
! 03520 ! ! 52 !
! 00285 ! ! 85 !
! 00059 ! ! 90 !

The code is based on a LDL’ decomposition (use L=R’), without pivoting.
If A is positive definite, then it reduces to the Cholesky algorithm.

R is an upper right band matrix
The first column of R contains the entries of a diagonal matrix D.
If the first column of R is filled by 1’s, then we have R’*D*R = A

[...] = SBBacksub(...)
using backsubstitutio n to return the solution of a system of linear equations

X=SBBacksub(R,B )

B is mxn
X is mxn
R is mxt

R is produced by a call of [X,R] = SBSolve(A,B) or R = SBFactor(A)
It is an upper right band matrix
The first column of R contains the entries of a diagonal matrix D.
If the first column of R is filled by 1’s, then we have R’*D*R = A

If thereis interestin theclassicalCholesky decompositionof thematrixA (i.e. oy�{z}|!s~z ) thenRcanbe
computedby

rBand=SBFactor( A) ;
d=sqrt(rBand(:, 1) );
rBand(:,1)=ones (n ,1 );
r=triu(diag(d)* rB and)

Thenumberof positive/negativenumbersin thefirst columnof R equalsthenumberof positive/negative
eigenvaluesof A.

3.2.3 SBEig

For givensymmetricmatricesA andB thestandard(resp.generalized)eigenvalueproblemwill besolved,
i.e. E�GH �IA�GH resp. E�GH �IAJF�GH

Usinginversepower iterationagivennumberof thesmallest(absolutevalue)eigenvaluesif asymmetric
matrix A arecomputed.If neededtheeigenvectorsarealsogenerated.A setof initial vectorsV have to be
given. If thosearealreadycloseto theeigenvectors,thenthealgorithmwill converge ratherquickly. For a
precisedescriptionandanalysisconsult[GoluVanLoan96] or [VarFem].
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[...] = SBEig(...)
find a few eigenvalues of the symmetric, banded matrix
inverse power iteration is used for the standard and generalized
eigenvalue problem

[Lambda,{Ev,err }] = SBEig(A,V,tol) solve A*Ev = Ev*diag(Lambda)
standard eigenvalue problem

[Lambda,{Ev,err }] = SBEig(A,B,V,tol ) solve A*Ev = B*Ev*diag(Lambda )
generalized eigenvalue problem

A is mxt, where t-1 is number of non-zero superdiagonals
B is mxs, where s-1 is number of non-zero superdiagonals
V is mxn, where n is the number of eigenvalues desired

contains the initial eigenvectors for the iteration
tol is the relative error, used as the stopping criterion

X is a column vector with the eigenvalues
Ev is a matrix whose columns represent normalized eigenvectors
err is a vector with the a posteriori error estimates for the eigenvalues

Thealgorithmis basedoninversepower iterationwith S independentvectors.Theiterationwill proceed
until therelative changeof all eigenvaluesis smallerthanthegivenvalueof tol . This doesnot guarantee
that the relative error is smallerthan tol . The initial guessesV for the eigenvectorshave to be linearly
independent.Theclosertheinitial guessis to theactualeigenvector, thefasterthealgorithmwill converge.
Thealgorithmreturnsthe S eigenvaluesclosestto 0 .

For thestandardeigenvalueproblem E^GHi� ��A � GHi� theeigenvectors GHi� will beorthonormalwith respect
to thestandardscalarproduct,i.e, ��GH � 7�GH.��� ��� ��� � . For thegeneralizedeigenvalueproblem E�GH � ��A � F�GH �
this translatesto ��GH�� 7)F�GH � � �I� ��� � . ThesymmetricmatrixB shouldbepositive definite.Thecolumnsof Ev
canbeusedto restartthealgorithmif higheraccuracy is required.

The algorithm will return reliable estimatesfor the errorsin the eigenvalues. The a posteriorierror
estimateerr is basedon theresidual G� �qE�GH &�A�GH and� ����.�����!�����9� AB&(A � �4� �bG� 7RG��� ����G� �
wherewe usethe normalization ��GH 7�GH}� � ; . If one of the eigenvalueshasto be computedwith high
accuracy, theapproximatevalue A maybesubtractedfrom thediagonalof thematrix. Thentheeigenvalue
closestto zeroof themodifiedmatrix E	&¡A]¢ canbecomputed,usingthealreadycomputedeigenvector. If
theeigenvalueis isolatedthealgorithmwill convergeveryquickly. Thisalgorithmis similar to theRayleigh
quotientiteration.A gooddescriptionis givenin [GoluVanLoan96].

If theeigenvalueclosestto A is denotedby A � wehave theimprovedestimate

� AB&(A � �4� ��G� � �
gap

where gap � � ���¤£ � AB&�A � �+¥ A �§¦©¨ � EU$#7vªK«�?¬8­
It is very easyto implementthis test in Octave. If the estimateis basedon approximatevaluesof the
eigenvalues,then the result is not as reliableas the previous one. Sincethe valueof gap will carry an
approximationerror. Thesituationis particularlybadif someeigenvaluesareclustered.

For thegeneralizedeigenvalueproblemweusetheresidual G� �qE�GH &(AJF�GH andtheestimate� �®��.�¯���!�����9� A°&±A � �}�³² �bG� 7�F p 
 G��� and � AB&�A � �4� �´G� 7)F p 
 G���
gap
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whereweusethenormalization��GH 7µF�GH9� ��; . Thevariableerr will returnthefirst of theaboveestimates.
Theprecisealgorithmandproof of theabove estimateis givenin [VarFem].

3.2.4 SBProd

With thiscommandasymmetricbandedmatrix canbemultipliedwith a full matrix.

[...] = SBProd(...)
multiplies a symmetric banded matrix with a matrix

X=SBProd(A,B)

A is mxt where t-1 is number of non-zero super diagonals
B is mxn
X is mxn

if A would be ! 11000 ! then A= ! 11 !
! 14300 ! ! 43 !
! 03520 ! ! 52 !
! 00285 ! ! 85 !
! 00059 ! ! 90 !

B is full matrix Ax=B

3.2.5 BandToFull,FullToBand and BandToSparse

With thesecommandsconversionbetweenfull, symmetricmatricesandbandedsymmetricmatricesis pos-
sible.A conversionto asparseformatis alsoincluded.

4 Auxiliary programs

An essentialpartof a FEM solutionto a boundaryvalueproblemis thegenerationof a mesh.Thepackage
FEMoctave is building on externalcodesto generatethemeshes.@ EasyMeshThiscodeis availablefrom awebsite5 or alsofrom thisauthor’s homepage.Theoriginal

sourceis slightly modified.

– Onthefirst few linesreplace#define MAX_NODES3000 by#define MAX_NODES100000
to allow for mesheswith morethan3000nodes.

– On thevery last lines replacereturn 1 by return 0, otherwisethemake commandwill
notdo all of its job.@ triangle This is an excellent meshgeneratorby JonathanRichardShewchuk6. The sourceis

includedwith thispackage.@ CuthillKcKee The numberingof the nodesin a meshgeneratedby triangle will not lead to a
matrix with smallbandwidth.Thealgorithmof Cuthill–McKeewill improve thissituation.Thecode
is includedwith thispackageor alsoavailableon thewebsite[www:sha].

5http://www-dinma.univ.trieste.it/˜nirftc/ resear ch/eas ymesh/
6http://www.cs.cmu.edu/˜quake/triangle.htm l
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5 Examples

Therearea few examplesdistributed with this package.Find themin the subdirectoriesof ./demos .
To run a demochangeinto the appropriatedirectory, run make, startOctave andthenusethe script file
demorun.m . Someof the demosrequireEasyMeshto generatethe meshes,which might have to be
installedfirst. Most sampleapplicationseitherusetriangleor themeshis provided.

5.1 Demo1: a first example

ThesourceandaMakefile for thisexamplecanbefoundin in directory./demos/demo1 . It is usedto
generatethemeshwith thehelpof EasyMesh.

In this examplethedomainis the rectangle
� �·¶ C}7¸dº¹RT�¶ C}78ci¹ andtheboundaryvalueproblemto be

solvedis » � � � � 52786�$ for C°¼�5½¼¾d and Cy¼¿6À¼¿c� � C for C°¼�5½¼¾d and 6 ¦ £ C}78c}­*�,*b- � � � 5
7869$ for 5 ¦ £ C}7¸d�­ and Cy¼¿6À¼¿c
with � � 52786�$1�Á&[; and � � 52786�$Â�Ã&Ä; . Thedescriptionof thedomainandtypeof boundaryconditionare
givenby thefile test4.d shown below.

5 # number of points #
# Nodes which define the boundary #
0: 0 0 0.2 1
1: 5 0 0.2 1
2: 5 4 0.2 1
3: 0 4 0.2 1
# material marker #
4: 2 2 0 1 # material 1 #
4 # Number Boundary of segments #
0: 0 1 1 #Dirichlet
1: 1 2 2 #Neumann
2: 2 3 1 #Dirichlet
3: 3 0 2 #Neumann

ThecommandEasyMesh test4 will thencreatethemesh.Thecoefficient functionsareall givenas
constants.TheOctave scriptbelow will generateagraphof thesolution.

clear
tic

[nodes,elem,edg es ]= ReadMes h( ". /t est 4" );
readingtime=toc
tic

[A,b,n2d]=FEMEq uati on(no des, el em,ed ges, 1, 0, -1, 0, -1 );
setuptime=toc
tic

u=FEMSolveSym(n odes ,A ,b, n2d, 0) ;
solvetime=toc
tic

ShowSolution(no des, el em,u)
graphtime=toc

This leadsto figure1 andtheoutputbelow.
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octave:1> demorun
readingtime = 0.11547
setuptime = 0.12725
solvetime = 0.13990
graphtime = 0.067842
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Figure1: Solutionof anelementaryPDE

Theadditionallinesin demorun.m evaluatethefunctionalongadiagonalin thedomain.

np=25;
xy=[linspace(0, 5, np); li nsp ac e( 0, 4, np) ]’ ;
[values,grad]=F EMValu e( xy, nodes, el em,u)

5.2 Demo2: parameter dependenceand animation

This exampleis similar to demo1, in fact the samemeshis usedandonly the right handside function� � 5
7869$ changed.It dependsonaparameterÅµ� � , i.e. a globalvariable.It is givenby

� � 52786�$���Æ &DÅµ� � if 5 � Z&Ä; if 5½Ç Z
andimplementedin thescriptfile demorun.m. TheparameterÅµ� � variesfrom &Ä; to

Z
andthescriptfile

createsapoorman’s animationwith thehelpof Gnuplot.

page_screen_out put= 0;
global par;

clear f
function res = f(xy)

global par;
[n,m]=size(xy);
res=-1*ones(n,1 )* par;
for k=1:max(size(xy ))

if(xy(k,1)>2) res(k)=-1;endi f
endfor

endfunction
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[nodes,elem,edg es ]= ReadMesh( ". ./ demo1/t es t4 ") ;
gset zrange [-3:4]

for par=-1:0.1:2
[A,b,n2d]=FEMEq uati on(no des, el em,ed ges, 1, 0, ’f’ ,0 ,- 1) ;
u=FEMSolveSym(n odes ,A ,b, n2d, 0) ;
ShowSolution(no des, el em,u)
res=[par,FEMVal ue([ 2, 2], nodes, el em,u) ];
printf("For lambda=%2.3f we find u(2,2)=%2.4f\n" ,r es );

endfor

5.3 Demo3: using function filesonly

Theproblemto besolvedon therectangulardomain
� �È¶ C}7.;�¹'T�¶ C}7 Z ¹ is» � � &Ä; in

�� � C on É �
Themeshis generatedby thefunctionCreateRectMesh( ) andall definitionsof thefunctionsaregiven
in thescriptfile demorun.m

clear
x=linspace(0,1, 5) ;
y=linspace(0,2, 5) ;
[nodes,elem,edg es ]= Cr eateR ec tMes h( x,y ,1 ,1 ,1 ,1 );
[A,b,n2d]=FEMEq uati onM(nodes ,e le m,edges ,1 ,0 ,- 1,0 ,0 );
u=FEMSolve(node s, A, b, n2d,0 );
gset zrange [*:*]
gset nokey
ShowSolutionM(n odes ,e le m,u )
A % display the matrix
b=b’ %display the vector

# evaluate along diagonal
npoints=10;
xv=linspace(0,1 ,n poin ts );
yv=linspace(0,2 ,n poin ts );
xy=[xv;yv]’;

[values, grad] =FEMValueM(xy,n odes ,el em,u ,0 )

Sincenodynamicallylinkedlibrariesareusedthis is a ratherslow methodto solve theproblem.But for
smallmeshesthis is feasiblenonetheless.Theabove computationleadsto theglobalstiffnessmatrixA and
thevectorb below.

A =
5.000 -2.000 0.000 -0.500 0.000 0.000 0.000 0.000 0.000

-2.000 5.000 -2.000 0.000 -0.500 0.000 0.000 0.000 0.000
0.000 -2.000 5.000 0.000 0.000 -0.500 0.000 0.000 0.000

-0.500 0.000 0.000 5.000 -2.000 0.000 -0.500 0.000 0.000
0.000 -0.500 0.000 -2.000 5.000 -2.000 0.000 -0.500 0.000
0.000 0.000 -0.500 0.000 -2.000 5.000 0.000 0.000 -0.500
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0.000 0.000 0.000 -0.500 0.000 0.000 5.000 -2.000 0.000
0.000 0.000 0.000 0.000 -0.500 0.000 -2.000 5.000 -2.000
0.000 0.000 0.000 0.000 0.000 -0.500 0.000 -2.000 5.000

b’=
-0.125 -0.125 -0.125 -0.125 -0.125 -0.125 -0.125 -0.125 -0.125

The script demorun.m alsocomputesthe valuesof the solutionalonga diagonalof the rectangular
domain.

Wemayexamineasingleelementstiffnessmatrices.To find thecontributionsfrom atriangularelement
with cornersat

� C}7~C , � ;i7~C�$ and
� C}7.;Ê$ use

[mat,vec]=Eleme nt Cont ri but io n( [0 ,0 ;1, 0; 0, 1] ,1 ,0, -1 )

to obtain

mat = 1.00000 -0.50000 -0.50000
-0.50000 0.50000 0.00000
-0.50000 0.00000 0.50000

vec = -0.16667
-0.16667
-0.16667

A secondproblem » � � C in
�� � 5:= W 6 on É �

is solvedin demorun2.m .

Resultsof this typecanbeusefulto teachFEM algorithms.

5.4 Demo 4: a bigger problem, evaluation of the solution, its gradient, eigenvalues and
eigenfunctions

On anL–shapeddomain
�

we considertheboundaryvalueproblem» � � ;bC � 5À&Ë6�$ in
�� � C on É �

The meshis generated,suchthat it is finer at the insidecorner. It consistsof 2496nodes,forming 4802
elements.

The codesin this demousecompiledfunctionsfor the coefficient function. Thus beforelaunching
the FEM codeone hasto compile the function with the help of the make programm. Then the script
demorun.m shown below will computethesolutionandcreatea few plots.

tic
[nodes,elem,edg es ]= ReadMes h( ". /L sha pe") ;

NumberNodes=max (s iz e( nodes ))
readingtime=toc
tic

[A,b,n2d]=FEMEq uati on(no des, el em,ed ges, ’a ’, 0,’ f’ ,0 ,0 );
setuptime=toc
[dof,semiband]= si ze (A )
tic
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u=FEMSolveSym(n odes ,A ,b, n2d, 0) ;
solvetime=toc
figure(1);
tic

ShowSolution(no des, el em,u)
graphtime=toc

ShowSolutionMTV (n odes ,el em,u ,’ u. mtv ’)

gset zrange [*:*]
gset view 60, 300
gset title
gset nokey
replot

npoints=41;
x=linspace(-1,1 ,n poin ts );
y=linspace(1,-1 ,n poin ts );
xy=[x;y]’;

pause(3)
tic
values=FEMValue (x y, nodes,e le m,u, 0) ;
evaluatetime=to c

figure(2);
gset nokey
gset title "A section"
plot (x,values)

tic
[la,vec]=FEMEig (n odes ,e lem ,e dges ,’ a’ ,0,1,4,1e-4);

eigenvaluetime= to c
eigenvalues=la’
figure(3);
gset title "3rd eigenfunction"
ShowSolution(no des, el em,ve c( :, 3) )
gset title

# evaluate on a mesh
npoints=21;
xv=linspace(-1, 1, npoi nt s); yv=linspace(-1, 1, npo in ts );

[xx,yy]=meshgri d( xv ,y v) ;
xy=[xx(:),yy(:) ];

[values, grad] =FEMValue(xy,no des, ele m,u, 0) ;

figure(4);
ShowVectorField (x y, -g ra d)

This leadsto theoutput
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octave:1> demorun
NumberNodes = 2496
readingtime = 0.26706
setuptime = 0.27529
dof = 2308
semiband = 133
solvetime = 0.63635
graphtime = 0.21737
evaluatetime = 0.018111
eigenvaluetime = 5.1880
eigenvalues = 9.6359 15.1744 19.6921 29.4253

This shows that we have a systemwith 2308unknowns with a semi-bandwidthof 133. On a given
computer7 it takes 0.27 secto readthe meshinformation, 0.28 secto set up the equationsand 0.6 sec
to solve. The time to evaluatethe solutionalongthe diagonalfrom

� &Ä;i7.;Ê$ to
� ;i7.&Ä;Ê$ at 41 pointstakes

0.02sec.To find thefirst four eigenvalues5 secareused.Theshapeof the third eigenfunctionis plotted.
Theresultinggraphsareshown in figure2.
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Figure2: Solutionof aPDE,thegradientvectorfield, acrosssectionandthethird eigenfunction

Using the commandplotmtv u.mtv & we cangenerate3–d plots and level curves, asshown in
figure3.

7A dualPentiumIII 800MHzPCwith 256KB cashperCPUand256MRAM runningLinux
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5.5 Demo5: using triangle and CuthillMcK ee

Themeshcanbegeneratedby triangle. Theinputfile for themeshin figure4 wasgeneratedusingtheinput
file testA.poly shown below. Furtherdocumentationcanbefoundon thehomepageof triangle.
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Figure4: Solutionon astructurewith ahole

Theproblemto besolved » � � C for
� 5
7869$ ¦ �� � 5Bs.6 for
� 5
7869$ ¦ �

Theexactsolutionis � � 52786�$��?5°sb6 , thuswecancomparetheapproximatesolutionandcomputetheerror.

# nodes
10 2 0 0
1 0 0
2 4 0
3 4 2
4 1 2
5 1 1
6 0 1
7 2 0.5
8 3 0.5
9 3 1.5
10 2 1.5

# segments
10 1
1 1 2 1
2 2 3 1
3 3 4 1
4 4 5 1
5 5 6 1
6 6 1 1
# hole
7 7 8 1
8 8 9 1
9 9 10 1
10 10 7 1

1
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1 2.5 1

Then the commandtriangle -pqa0.03 testA.poly will generatethe mesh. To reducethe
computationtime it is importantto usetheutility CuthillMcKee to renumberthemesh.Thestructureof
nonzeroelementsis shown in figure5. Thisfigurewasgeneratedby sparseplot("te stA .1 ", 1) and
sparseplot("tes tA .1 ") . For a largersampleproblem8 with a matrix of size1422thecomputation
time jumpedfrom 0.38secto 84 secasthebandwidthchangedfrom 44 to 1398.
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Figure5: Thestructureof thematrixbeforeandafterrenumbering

5.6 Demo6: usingCreateMeshTriangle

Thescriptdemorun.m shown below generatesa meshon theunit square,displaysthemeshandthenthe
solutionof » � � ; for C�¼¿5½¼I; and C°¼¿6À¼I;*�,*b- � ; for 5U��; and Cy¼¿6À¼I;� � C on theremainingthreesectionsof theboundary

CreateMeshTrian gl e( "t es t", [0 ,0 ,1 ;1 ,0, 2; 1, 1, 1; 0,1 ,1 ], 0. 01)
[nodes,elem,edg es ]= ReadMeshTri angl e(" ./ te st .1 ");
ShowMesh(nodes, el em)

[A,b,n2d]=FEMEq uati on(n odes, el em,e dges, 1, 0, 1, 0,1 );
u=FEMSolveSym(n odes ,A ,b ,n2 d, 0) ;
ShowSolution(no des, el em,u)

5.7 Demo7: eigenfunctionsof circular membrane

Considertheeigenvalueproblem » � � A�� in
�� � C on �K�qÉ �

where
�q� � �

is thediskwith radius1. Thecodebelow will computefour eigenvaluesandeigenfunctions,
leadingto figure6.

8createthemeshby triangle -pqa0.003 testA.poly
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R=1; % radius of circle
nR = 40 ; % number of divisions to create circle
area=0.004;
w=linspace(0,2* pi *( 1- 1/ nR) ,n R) ; % angles of points on circle
xy=[R*cos(w);R* si n( w) ;o nes (1 ,n R) ]’ ;
CreateMeshTrian gl eQ(" ci rcl e" ,x y, ar ea)
[nodes,elem,edg es ]= ReadMeshTri angl e(" ./ ci rc le .1" );

[la,vec]=FEMEig (n odes ,e lem ,e dges ,1 ,0, 1, 4, 1e-6 );
la=la’

figure(1);
ShowSolution(no des, el em,ve c( :, 1) )
figure(2);
vmin=min(vec(:, 1) ); vmax=max(vec(: ,1) );
ShowLevelCurves (n odes ,e lem ,v ec (: ,1 ),l in sp ac e( vmi n, vmax ,1 1))
disp("Hit RETURN"); pause();

figure(1); ShowSolution(no des, el em,ve c( :, 2) )
figure(2); vmin=min(vec(:, 2) ); vmax=max(vec(: ,2) );
ShowLevelCurves (n odes ,e lem ,v ec (: ,2 ),l in sp ac e( vmi n, vmax ,1 1))
disp("Hit RETURN"); pause();
figure(1); ShowSolution(no des, el em,ve c( :, 4) )
figure(2); vmin=min(vec(:, 4) ); vmax=max(vec(: ,4) );
ShowLevelCurves (n odes ,e lem ,v ec (: ,4 ),l in sp ac e( vmi n, vmax ,1 1))

A separationof variableargumentshows thattheexacteigenvaluesaregivenby� AÀ��� - � � � m	�
 zeroof � - � � $
where � - � � $ aretheBesselfunctionsof thefirst kind. Theeigenfunctionsare� � � 7�
%$���� - � ��� � - � � $
s������ � SZ�� 
%$ and � � � 7�
%$R��� - � ��� � - � � $Ds�� ���Y� SZ�� 
%$
Thuswe cancomparethe resultsof this codewith the exact solution. Observe that for S�� ; we have
eigenvaluesof multiplicity 2. The tablebelow identifiesthe first 20 eigenvalues(resp.

� A ) computedby
FEMoctave with theexactvalues� - � � .; Z W c d e f h � ;bC� A Z � cgCgh!� W � h W e!d W � h W e!d d � ; W � W d � ; W �iC d � d Z!Z e e � W f"�!� e � W hiC Z f � C9; Z C f � C9; Z!Z� - � � Z � cgCic�h W � h W ;Êf d � ; W d!e d � d Z C9; e � W hiC Z f � C9;.d!eS C ; ; Z Z C W W ; ;# ; ; ; ; ; Z ; ; Z Z;!; ; Z ; W ;´c ;.d ;.e ;Êf ;.h ;�� Z C� A f � d!h Z e f � d!h};bC h � cgCic�f h � cgC Z h h � e W h�c h � fid!d Z h � fid!d!d � � f W e W � � f W C�f � � �iCic W� - � � f � d!h!h W h � c�;Êf Z h � e!d W f h � f!f4;.d � � fie};bC � � � W e};S c c Z Z C d d W W e# ; ; Z Z W ; ; Z Z ;

For thesecondeigenfunctionin figure6wecancomputeanddisplaythegradientfield,shown in figure7.
First computethefirst two eigenfunctionsanddefinea regulargrid on thecircle.
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Figure6: Thefirst, secondandfourtheigenfunctionof avibratingmembrane
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[nodes,elem,edg es ]= ReadMeshTri angl e(" ./ ci rc le .1" );
[la,vec]=FEMEig (n odes ,e lem ,e dges ,1 ,0, 1, 2, 1e-6 );

R=1;
nn=21; v=linspace(-R, R, nn) ;
[xx,yy]=meshgri d( v, v) ; xy=[xx(:),yy(:)] ;

Thentherearetwo differentpathto this result.@ Computevaluesof thefunctionandgradienton thegrid, thenshow thesolution.

[values, grad] =FEMValue(xy,nod es ,e le m,vec (: ,2 ), 0) ;
ShowVectorField (x y,g ra d)@ Computethe gradientat the nodesof the mesh,then evaluatethe componentswith the help of
FEMValue anddisplaythegraph.

grad=FEMGradien t( nodes ,e le m,vec (: ,2 )) ;
g1=FEMValue(xy, nodes ,e le m,gr ad( :, 1) ,0 );
g2=FEMValue(xy, nodes ,e le m,gr ad( :, 2) ,0 );
ShowVectorField (x y,[ g1’; g2’] ’)

Theresultsshouldbesimilarbut might notbeidentical.
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1

-1 -0.5 0 0.5 1

Figure7: Thegradientfield of thesecondeigenfunctionof avibratingmembrane

ThecommandFEMIntegrate() allows to integratefunctionsover themesheddomain.

FEMIntegrate(no des, el em,1)
FEMIntegrate(no des, el em,ve c( :, 1) )
FEMIntegrate(no des, el em,ve c( :, 2) )
FEMIntegrate(no des, el em,ve c( :, 2) .ˆ 2)

Leadingto answers
W � ; Z hgf½V �

(areaof thecircle), ; � c�e!h}; and C � C!C!Cic W , the integralsof thefirst and
secondeigenfunction.The lastanswerof ; � C!C!C shows that theeigenfunctionis normalizedin the Q � � � $ –
norm.
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5.8 Demo8: computing a capacitance

Consideraradiallysymmetriccapacitorconsistingof two symmetric,conductingplatesof radius� . Thetwo
conductorsare

Z%$
apart.Thesetupis enclosedin a cylinder of radius / andheight

Z�&
( & & ¼I6t¼ &

).
By modelingonly theupperhalf of thecapacitorwe find thefollowing differentialequationfor thevoltage� (radius5 , height 6 ) �����%� 5½�! ¸" � �%$ � C in domain� � C alongedge6y�rC� � ; alongedgeof upperconductor*�,*b- � C on remainingboundary

Betweenthe two platesthe field is expectedto be homogeneousandthis is confirmedby figures8. By
computingtheflux throughthemiddleplain by

flux � LML
disk

ÉB�É)6 O�Pq� Z�� L(') 5 ÉB�É)6 O�5ÀV Z�� L+*) 5 ;$ O�5U� � � �$
we find thecapacitanceof this setup. If thesetupwould correspondto a perfectplanecapacitor, thenthe
normalizedflux shouldbe1. Theconfigurationin thescriptdemorunTriangle (shown below) leadsto
thesignificantlydifferentresultof 1.5 . This illustratesthat a capacitancewith thedimensionsabove can
notbetreatedasanidealizedplatecapacitor.

clear *
r=1;
R=2.5;
global h=0.2;
H=0.5;
N=201;
area=0.0001;

xy=[0,0,1; R,0,2; R,H,2; r,H,1; r,h,1; 0,h,2];

CreateMeshTrian gl e( "c ap",x y, ar ea)
[nodes,elem,edg es ]= ReadMeshTri angl e(" ./ ca p. 1" );

function res = aF(xy)
res=xy(:,1);
endfunction

function res = volt(xy)
global h;
[n,m]=size(xy);
res=zeros(n,1);
for k=1:n

if (xy(k,2)<h/2) res(k)=0;
else res(k)=1;endif

endfor
endfunction

function res = zero(xy)
[n,m]=size(xy);
res=zeros(n,1);
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endfunction

[A,b,n2d]=FEMEq uati on(n odes, el em,e dges, ’a F’ ,’ zer o’ ,’ ze ro ’,’ vo lt ’, ’z ero ’) ;
u=FEMSolveSym(n odes ,A ,b ,n2 d, ’v ol t’ );

x=linspace(0,R, N) ;
y=0.0*ones(1,N) ;
[uVal,grad]=FEM Valu e( [x ;y] ’, nodes, ele m,u) ;
plot(x,grad(:,2 ))

# trapezoidal integration
flux=2*(x*grad( :, 2) -x (1 )*g ra d( 1, 2) /2- x( N) *g ra d(N ,2 )/ 2) *R/(N -1 )* (h /r **2 )
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Figure8: Voltageandverticalfield in acapacitor

With the above codethe trianglesareof uniform size throughoutthe domain,but sincethe solution
variesonly very little in theright partof thedomainwe areusingtoo many trianglesthere.By generating
themeshdirectlywith trianglewecandivide thedomainin two sectionsandgeneratelargertrianglesin the
right part.This is donein thefile capManual.poly , which is theusedasinput for triangle. Considerthe
Makefile anddemorunManual.m for details.Thefile capManual2.poly describesthesituationof
avery thin conductingplate,theresultwill becloserto anidealcapacitor.

The sameproblemis alsosolved by the script demorunEasyMesh .m , usinga meshgeneratedby
EasyMesh.

5.9 Demo9: exactsolution and convergence

Considertheunit square
� �È¶ C}7.;�¹%T ¶ C}7.;�¹ . Oncanverify the �-, � 5
7869$��.� ��� 5[s/� ��� 6 is anexactsolutionof����� �! ¸" � � � & Z � ��� 5�s0� ��� 6 in domain*µ,*b- � � ��� 5�s������)6 alongedge6���;� � �-, on remainingboundary

Let
$ Ç¾C bethetypical lengthof a sideof a triangle.By choosingdifferentvaluesof

$
we shouldobserve

smallererrorsfor smallervaluesof
$
. We measuretheerrorby computingthemaximaldifferenceof the

exact andapproximatesolutions. A doublelogarithmicplot leadsto figure 9. the slopeof the curve is
approximately2 and thus we conclude 1 �i�"2�� V43+s $ � , i.e. quadraticconvergenceof the approximate
solutionsto theexactsolution.

5.10 Demo10: test of sparsesolver

This exampleillustratestheuseof a sparsesolver. It waswritten by Andy Adler andis basedon SuperLU.
It maybefoundon sourceforge [www:octaveSF]. TheFEM packagemight bemodifiedto usethis solver
for all problems,astheperformanceis rathergood.
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Figure9: Logarithmicplot of errorversustypical lengthof triangle

5.11 Demo11: potential flow problem

Considera laminar flow betweentwo plateswith an obstaclebetweenthe two plates. We assumethat
thesituationis independenton oneof thespatialvariablesandconsidera crosssectiononly shown in the
figure10. Thegoalis to find thevelocityfield GH of thefluid.

6

7 8 8 8
66666
66

66666
669 ��; 9 �rC

Figure10: Fluid flow betweentwo plates,thesetup

Wemayintroduceavelocitypotential
9 � 52786�$ . Thevelocityvector GH is thengivenby

GH � : H";H=<?> ��& : *-@* ;*-@* < >
Theflow is assumedto beuniform far away from theobstacle.Thuswe setthepotentialto

9 �Á; (resp.9 ��C ) at the left (resp. right) endof theplates.Sincethefluid cannot flow throughtheplateswe know
that thenormalcomponentof thevelocity hasto vanishat theupperandlower boundary. Thedifferential
equationto besatisfiedby

9
is » 9 � �����§� �! ¸" � 9 $��rC

In figure 11 the vectorfield for the velocity GH is shown. The vectorfiled wascomputedwith the help of
FEMValue() . Find thecodein demorun2.m . With demorun.m anddemorun3.m differentmeshes
areused.
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